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1. Introduction 



Suppose g > 1, and let a = (ai, . . . , a„) be a partition of 2g — 2, and let T-Li^a) be a 
stratum of Abelian differentials, i.e. the space of pairs (M, u) where M is a Riemann 
surface and oj is a holomorphic 1-form on M whose zeroes have multiplicities ai . . . a„. 
The form uj defines a canonical flat metric on M with conical singularities at the zeros 
of u. Thus we refer to points of 'H(a) as flat surfaces or translation surfaces. For an 
introduction to this subject, see the survey [Zoj . 

The space Ti^a) admits an action of the group SL{2, M) which generalizes the 
action of SL{2, M) on the space GL{2, M.)/SL{2, Z) of fiat tori. In this paper we prove 
ergodic-theoretic rigidity properties of this action. 

Let S C M denote the set of zeroes of u. Let {71, . . . , 7^} denote a symplectic Z- 
basis for the relative homology group Hi{M, E, Z). We can define a map $ : H^a) — ?■ 



The map $ (which depends on a choice of the basis {71,..., 7^,}) is a local co- 
ordinate system on (M, cu). Alternatively, we may think of the cohomology class 
[u] G if^(M, S,C) as a local coordinate on the stratum H^a). We will call these 
coordinates period coordinates. 

We can consider the measure A on Tila) which is given by the puUback of the 
Lebesgue measure on if^(M, S,C) ~ C*"'. The measure A is independent of the 
choice of basis {71, . . . , 7^}, and is easily seen to be SL{2, M)-invariant. We call A the 
Lebesgue or the Masur-Veech measure on 'H(a). 

The area of a translation surface is given by 



A "unit hyperboloid" Hi (a) is defined as a subset of translation surfaces in T-Lla) of 
area one. The SL-invariant Lebesgue measure Ai on Hi (a) is defined by disintegration 
of the Lebesgue measure A on "Hi (a), namely 



A fundamental result of Masur |Masl] and Veech |Vel] is that Ai('Hi(a)) < 00. In this 
paper, we normalize Ai so that XiiTiii^a)) = 1 (and so Ai is a probability measure). 
For a subset A^i C Hi (a) we write 



by 





dX = dXi da 



RMi = {{M,tuj) I (M,w) G Ml, t G M} C H(a). 
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Definition 1.1. An ergodic 5*1/(2, M)-invariant probability measure ui on 7^i(a) is 
called affine if the following hold: 

(i) The support Aii of vi is an suborbitfold of Hi (a). Locally M. = MA^i is 
given by a complex linear subspace defined over R in the period coordinates. 

(ii) Let u be the measure supported on Ai so that di' = dvida. Then v is an affine 
linear measure in the period coordinates on A^, i.e. it is (up to normalization) 
the restriction of the Lebesgue measure A to the subspace M.. 

Definition 1.2. We say that any suborbitfold Aii for which there exists a measure 
Ui such that the pair (A^i,z/i) satisfies (i) and (ii) an affine invariant submanifold. 

We also consider the entire stratum Tila) to be an (improper) affine invariant 
submanifold. 

For many applications we need the following: 

Proposition 1.3. Any stratum Hi (a) contains at most countably many affine in- 
variant submanifolds . 

Proposition 1 1 .31 is deduced as a consequence of some isolation theorems in [EMiMoj . 
This argument relies on adapting some ideas of G.A. Margulis to the Teichmiiller space 
setting. Another proof is given by A. Wright in |Wr] . where it is proven that affine 
invariant submanifolds are always defined over a number field. 

The classification of the affine invariant submanifolds is complete in genus 2 by 
the work of McMuUen [McT] jMc2] [Mc3] [Mci] jMc5] and Calta [Ca]. In genus 3 or 
greater it is an important open problem. See |Molj [Mo2j [Mo3j |Mo4j [BoMj and 
[BaMj for some results in this direction. 

1.1. The main theorems. Let 

Let re = ( ^^^^ ), and let K = {re \ 9 e [0,2tv)}. Then N, A and K 

y— sm & cos tl J l ^ / j 

are subgroups of S'L(2,M). Let P = AN denote the upper triangular subgroup of 
SL{2,R). 

Theorem 1.4. Let v be any P -invariant probability measure on 7/1(0;). Then v is 
SL{2,M.) -invariant and affine. 

The following (which uses Theorem II. 4p is joint work with A. Mohammadi and is 
proved in [EMiMoj : 

Theorem 1.5. Suppose S G 'Hi(a). Then, the orbit closure PS = SL{2,M)S is an 
affine invariant submanifold ofT-Li{a). 
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For the case of strata in genus 2, the SL(2, M) part of Theorem 1 1 . 4 1 and Theorem II .51 
were proved using a different method by Curt McMuUen |Mc6j . 

The proof of Theorem 11.41 uses extensively entropy and conditional measure tech- 
niques developed in the context of homogeneous spaces (Margulis-Tomanov |MaT] . 
Einsiedler-Katok-Lindenstrass |EKLj ). Some of the ideas came from discussions with 
Amir Mohammadi. But the main strategy is to replace polynomial divergence by the 
"exponential drift" idea of Benoist-Quint |BQ| . 

Stationary measures. Let /i be a i^-invariant compactly supported measure on 
SL(2, M) which is absolutely continuous with respect to Lebesgue measure. A measure 
u on "Hi (a) is called ^-stationary if fi * u = u, where 

fi*iy = {g^u)dn{g). 

JSL(2,R) 

Recall that by a theorem of Furstenberg |Flj . |F2] . restated as |NZt Theorem 1.4], 
//-stationary measures are in one-to-one correspondence with P-invariant measures. 
Therefore, Theorem 11.41 can be reformulated as the following: 

Theorem 1.6. Any ^-stationary measure on 'Hi(a) is 5-^(2, M) invariant and affine. 

Counting periodic trajectories in rational billiards. Let Q be a rational poly- 
gon, and let N{Q, T) denote the number of cylinders of periodic trajectories of length 
at most T for the billiard flow on Q. By a theorem of H. Masur |Mas2j |Mas3j . there 
exist Ci and C2 depending on Q such that for all t > 1, 

cie^* < N{Q,e') < c^e^'. 

Theorem 11.41 and Proposition 11.31 together with some extra work (done in |EMiMo] 
imply the following "weak asymptotic formula" (cf. |AEZ] ): 

Theorem 1.7. For any rational polygon Q, the exists a constant c = c{Q) such that 

lim - / N{Q, e')e-^' ds = c. 

i->oo t Jq 

The constant c in Theorem 11.71 is the Siegel-Veech constant (see |Ve2] . |EMZ] ) 
associated to the affine invariant submanifold M. = SL{2,'R)S where S is the flat 
surface obtained by unfolding Q. 

It is natural to conjecture that the extra averaging on Theorem 1 1.71 is not necessary, 
and one has limt^oo N{Q, e^)e~'^*' = c. This can be shown if one obtains a classiflcation 
of the measures invariant under the subgroup of SL{2, M). Such a result is in general 
beyond the reach of the current methods. However it is known in a few very special 
cases, see jEMg] . [EMM] . [CW] and jBi] . 

Other applications to rational billiards. All the above theorems apply also 
to the moduh spaces of flat surfaces with marked points. Thus one should expect 
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applications to the "visibility" and "finite blocking" problems in rational polygons as 
in |HST] . It is likely that many other applications are possible. 

Acknowledgments. We thank Amir Mohammadi for many useful discussions re- 
lating to all aspects of this project. In particular some of the ideas for the proof of 
Theorem 12. II came during discussions with Amir Mohammadi. We also thank Vadim 
Kaimanovich and Emmanuel Breuillard for their insights into the work of Benoist 
and Quint and Elon Lindenstrauss for his helpful comments. 

2. Outline of the paper 

2.1. Some notes on the proofs. The theorems of §1.11 are inspired by the results 
of several authors on unipotent flows on homogeneous spaces, and in particular by 
Ratner's seminal work. In particular, the analogues of Theorem 11.41 and Theorem II. 51 
in homogeneous dynamics are due to Ratner |Ra4] . |Ra5j . |Ra6j . |Ra7] . (For an 
introduction to these ideas, and also to the proof by Margulis and Tomanov |MaT] 
see the book |Mor] . ) The homogeneous analogue of the fact that P- invariant measures 
are S'L(2, M)-invariant is due to Mozes |Mozj and is based on Ratner's work. All of 
these results are based in part on the "polynomial divergence" of the unipotent flow 
on homogeneous spaces. 

However, in our setting, the dynamics of the unipotent flow (i.e. the action of N) 
on Tiii^a) is poorly understood, and plays no role in our proofs. The main strategy is 
to replace the "polynomial divergence" of unipotents by the "exponential drift" idea 
in the recent breakthrough paper by Benoist and Quint |BQ| . 

One major difficulty is that we have no apriori control over the Lyapunov spectrum 
of the geodesic flow (i.e. the action of A). By |AV] the Lyapunov spectrum is simple 
for the case of Lebesgue (i.e. Masur-Veech) measure, but for the case of an arbitrary 
P-invariant measure this is not always true, see e.g. [Fo2j . |FoMj . 

In order to use the the Benoist-Quint exponential drift argument, we must show 
that the Zariski closure (or more precisely the algebraic hull, as deflned by Zimmer 
[Zi2j ) of the Kontsevich-Zorich cocycle is semisimple. The proof proceeds in the 
following steps: 

Step 1. We use an entropy argument inspired by the "low entropy method" of |EKLj 
(using [MaT] together with some ideas from |BQ| ) to show that any P-invariant 
measure u on "Hi (a) is in fact S'L(2,]R) invariant. We also prove Theorem 12. II which 
gives control over the conditional measures of u. This argument occupies ^^ITSland 
is outlined in more detail in §2.31 

Step 2. By some results of Forni (see Appendix [A]), for an SL{2, M)-invariant measure 
u, the absolute cohomology part of the Kontsevich-Zorich cocycle A : SL{2, M) x A — >■ 
Sp(2g, Z) is semisimple, i.e. has semisimple algebraic hull. For an exact statement 
see Theorem I A. 61 
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Step 3. We pick an admissible measure /i on SL{2, M) and work in the random walk 
setting as in [Flj |F2j and |BQ| . Let B denote the space of infinite sequences go,gi, . . . , 
where Qi G SL{2, M). We then have a skew product shift map T:BxX^BxXas 
in |BQ] , so that T{gQ, gi, . . .]x) = ((^i, (72, . . . ; gQ^x). Then, we use (in Appendix [C]) 
a modification of the arguments by Guivarc'h and Raugi [GRlj . |GR2j . as presented 
by Goldsheid and Margulis in \GM\ §4-5], and an argument of Zimmer (see [Zil] 
or |Zi2] ) to prove Theorem IC.5I which states that the Lyapunov spectrum of T is 
always "semisimple" , which means that for each S'L(2, M)-irreducible component of 
the cocycle, there is an T-equivariant non-degenerate inner product on the Lyapunov 
subspaces of T (or more precisely on the successive quotients of the Lyapunov fiag of 
T). This statement is trivially true if the Lyapunov spectrum of T is simple. 

Step 4. We can now use the Benoist-Quint exponential drift method to show that 
the measure u is affine. This is done in ^IT^^IT6l At one point, to avoid a problem with 
relative homology, we need to use a result. Theorem 114.31 about the isometric (Forni) 
subspace of the cocycle, which is proved in joint work with A. Avila and M. MoUer 
[XEM] . 

Finally, we note that the proof relies heavily on various recurrence to compact sets 
results for the SL{2,M.) action, such as those of |EMaj and |Ath] . All of these results 
originate in the ideas of Margulis and Dani, |Marl] . |Danl] . |EMM1] . 

2.2. Notational Conventions. For t G M, let 

e* \ fit 



9t=[Q ^^tj, «t-^o 1 

Let A = {gt : t G M}, iV = : t G M}. Let P = AN. 

Let X denote the stratum "Hi (a) or a finite cover, see §4.3l below. Let X denote the 
universal cover of X. Let n : X X denote the natural map. A point of ?{(«) is a 
pair (M, cj), where M is a compact Riemann surface, and a; is a holomorphic 1-form 
on M. Let S denote the set of zeroes of u. The cohomology class of u in the relative 
cohomology group H^{M,T,,C) = if^(M, S,M^) is a local coordinate on ?{(«) (see 
|Foj ) . Let V{x) denote a subspace of H^{M, S,M^). Then we denote 



V[x] = {y e X : y-xeV{x)}. 

This makes sense in a neighborhood of x. 

Let p : ifi(M, S,M) H'^{M,R) denote the natural map. Let 

(2.1) Hl{x) = {v e H\M,E,R) : p{Re x) A p{v) = p{lm x) A p{v) = 0} . 

where we are considering the "real part map" Re and the "imaginary part map" Im 
as maps from H\M, S, C) ^ H\M, S, M^) to H\M, S, M). Let 

W{x) = R{lmx)®Hl{x) C H\M,E,R) 
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and let vr" : W{x) H^{M, S,]R) denote the map 

(2.2) 'K~{c\mx + v) = cRex + v c eM.,v e H]_{x). 

We have H^{M, S,^^) = ^ H^{M, S,M). For a subspace ^(x) C W{x), we write 

(2.3) y+(x) = (1,0) ® V(x), V-(x) = (0,1) ®7r;(V(x)). 

Then and are the unstable and stable foliations for the action of gt on 

X for t > 0. 

We also use the notation, 

W+{x) = (1,0) ®i7^(M,E,M), W-{x) = (0, 1) ®i/^(M,S,M). 

Starred Subsections. Some technical arguments are relegated to subsections marked 
with a star. These subsections can be skipped on first reading. The general rule is 
that no statement from a starred subsection is used in subsequent sections. 

2.3. Outline of the proof of Step 1. The general strategy is based on the idea 
of additional invariance which was used in the proofs of Ratner |Ra4j . [Ra5j . jRa6j . 
|Ra7j and Margulis-Tomanov jMaT] . 
The aim of Step 1 is to prove the following: 

Theorem 2.1. Let u be a P -invariant measure on the stratum X. Then v is SL{2, M)- 
invariant. In addition, there exists an SL{2,'R)-equivariant system of subspaces 
C{x) C H^{M,I1,'R) such that for almost all x, the conditional measures of v along 
W^[x\ are the Lebesgue measures along C^lx], and the conditional measures of v 
along W~ [x] are the Lebesgue measures along C~ [x] . 

In the sequel, we will often refer to a (generalized) subspace U~^{x) C W~^{x) on 
which we already proved that the conditional measure of u is Lebesgue. The proof of 
Theorem 12 . 1 1 will be by induction, and in the beginning of the induction, [/""^[x] = Nx. 
(Note: generalized subspaces are defined in 

Outline of the proof Theorem 12.11 Let be a P- invariant probability measure on 
X. Since u is A^-invariant, the conditional measure of along is non-trivial. 
This implies that the entropy of A is positive, and thus the conditional measure u^- 
of u along W~ is non-trivial. This implies that on a set of almost full measure, we 
can pick points q and q' in the support of u such that q and q' are in the same leaf of 
W~ and d{q,q') ~ 1, see Figured! 

Let ^ > be a large parameter. Let qi = g^q and let q[ = g^q' . Then qi and q[ are 
very close together. Pick u E U with pa 1, and consider the points uqi and ug^. 
These are no longer in the same leaf of W~ , and we expect them to diverge under 
the action of gt as t ^ +oo. Let t be chosen so that q2 = gtuqi and = gtuq'i be 
such that d{q2, q2) ~ e, where e > is fixed. 

Let 

1 = Ao > Ai > ■ ■ ■ > A„ 
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q q 

Figure 1. Outline of the proof of Theorem 12.11 



denote the Lyapunov spectrum of the cocycle. Note that Aq corresponds to the 
unipotent direction inside the SL{2,M.) orbit. 

We can choose q and q' so that q — q' is orthogonal to the SL{2, M) orbit of q. Then 
q2 — (I2 ^ill ^Iso be orthogonal to the 5*1/(2, M) orbit of q2- Generically one might 
expect that q2 — q'2 will approximately in the direction of the next highest Lyapunov 
exponent Ai. Suppose for simplicity that this is indeed the case. For x G "Hi (a), let 
V^{x) C W^{x) be the Lyapunov subspace corresponding to the Lyapunov exponent 
Ai and let fi{x) denote the conditional measure of v along V\^[x]. 

Let = Qsqi and ^3 = Qsq'i where s > is such that the amount of expansion 
along V-^ from qi to gs is equal to the amount of expansion along from uqi to g2- 



Then, as in BQ 
(2.4) 

where A and A' are essentially the same bounded linear map. But q^ and ^3 approach 
each other, so that 



fM) = (A) Ji(g3), and /i(g^) = (A') Ji(g^ 



3;) 



Hence 



Taking a limit as £ —t- 00 of the points q2 and q!^ we obtain points q2 and ^2 iii the 
same leaf of V-^ and distance e apart such that 

(2.5) h{q2) = fM). 
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This means that the conditional measure fi{q2) is invariant under a shift of size 
approximately e. Repeating this argument with e — )■ we obtain a point p such that 
fi{p) is invariant under arbitrarily small shifts. This implies that the conditional 
measure restricts to Lebesgue measure on some subspace Umw of V^"^, which 

distinct from the orbit of A^. Thus, we can enlarge U to be t/ © Unew 

Technical Problem 7^1. The argument requires that all eight points g, g', gi, g^, 
92, g2) 93) ^3 belong to some "nice" set of almost full measure. Roughly, this can be 
arranged since the initial points g and g' can be chosen in a set of almost full measure 
(see In ^ we show the maps used to choose the other points are essentially 
bilipshitz time changes of measure-preserving flows, so they take sets of almost full 
measure to sets of almost full measure. Thus, all eight points can be chosen in an a 
priori prescribed subset of almost full measure (see §12]) . 

We discuss some of the strategy for dealing with this problem at the beginning of 
[13 The precise arguments are assembled in 

Technical Problem 7^2. Beyond the first step of the induction, the subspace U^{x) 
may not be locally constant as x varies along W^{x). This complication has a ripple 
effect on the proof. In particular, instead of dealing with the divergence of the points 
gtuqi and gtu'q[ we need to deal with the divergence of the affine subspaces f/+ [gtuqi\ 
and U^[gtu'q']\. As a first step, we project U^[gtu'q'i\ to the leaf of containing 
U^[gtuqi\, to get a new affine subspace U' . One way to keep track of the relative 
location of = U'^[gtu'q[] and U' is (besides keeping track of the linear parts of f/+ 
and U') to pick a transversal Z to U~^, and to keep track of the intersection of U' and 
Z, see Figure [2J 

gtZ{x) 




Figure 2. 

(a) We keep track of the relative position of the subspaces [x] and W in 
part by picking a transversal Z{x) to f/"'"[x], and noting the distance 
between U~^[x] and hC along Z[x]. 

(b) If we apply the flow gt to the entire picture in (a), we see that the 
transversal gtZ[x] can get almost parallel to gtU^[x]. Then, the dis- 
tance between gtU~^[x] and gtU' along gtZ[x] may not be much larger 
then the distance between gtx G gtU~^[x] and the closest point in gtW. 
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However, since we do not know at this point that the cocycle is semisimple, we 
cannot pick Z in a way which is invariant under the flow. Thus, we have no choice 
except to pick some transversal Z{x) to U~^{x) at //-almost every point x G X, and 
then deal with the need to change transversal. 

It turns out that the formula for computing how U' Cl Z changes when Z changes 
is non-linear (it involves inverting a certain matrix). However, we would really like 
to work with linear maps. This is done in two steps: first we show that we can 
choose the approximation U' and the transversals Z{x) in such a way that changing 
transversals involves inverting a unipotent matrix. This makes the formula for chang- 
ing transversals polynomial. In the second step, we embed the space of parameters 
of affine subspaces near ?7"''[x] into a certain tensor power space H(x) so that the on 
the level of H(x) the change of transversal map becomes linear. The details of this 
construction are in ||6l 

Technical Problem #3. We do not have precise control over how q2 and diverge. 
In particular the assumption that q2 — q2 is nearly in the direction of Vj^{q2) is not 
justified. Also we really need to work with f/"'"[g2] and t/'''[g'2]- So let v G H(g2) 
denote the vector corresponding to (the projection to W~^{q2) of) the affine subspace 
?7~'"[g2]- (This vector v takes on the role of q2 — q'2)- We have no a-priori control over 
the direction of v (even though we know that ||v|| ^ e.). We need to define a finite 
collection of subspaces E[jj]^Mrf(x) of H(x) such that 

(a) By varying u (while keeping gi, g^, I fixed) we can make sure that the vector 
V becomes close to one of the subspaces 'Ei[ij]^bdd, and 

(b) For a suitable choice of point ga = gs^jj = gsi^qi, the map 

i9tUg^Sij)*^[ij],bdd{Q3) ^[ij]Mdi'l2) 

is a bounded linear map. 

(c) Also, for a suitable choice of point q'^ = q'^ ^j = fi's'.^gi, the map 

{9tug-s[^)*E[ij]Md{q'3) E[ijiMd{q'2) 

is a bounded linear map. 

For the precise conditions see Proposition 110.11 and Proposition 110.21 This construc- 
tion is done in detail in §101 

The conditions (b) and (c) allow us to define in ^|TT] conditional measures ftj on 
W^{x) which are associated to each subspace Eiij]^Md- In fact the measures are 
supported on the points y G iy+[x] such that the affine subspace U~^[y] maps to a 
vector in E^jiMdix) C H(x). 

Technical Problem 7^4. More careful analysis (see the discussion following the 
statement of Proposition lll.4p shows that the maps A and A' of (12. 4p are not exactly 
the same. Then, when one passes to the limit £ — oo one gets, instead of (12. 5p . 

fij{Q2) = P^{q2,q2)*fij{Q2) 
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where : W~^{q2) — ?■ W~^{q2) is a certain unipotent map (defined in §4.2p . Thus the 
conditional measure fij{q2) is invariant under the composition of a translation of size 
e and a unipotent map. Repeating the argument with e — )■ we obtain a point p such 
that the conditional measure at p is invariant under arbitrarily small combinations 
of (translation + unipotent map). Thus does not imply that the conditional measure 
fij{p) restricts to Lebesgue measure on some subspace of W~^, but it does imply 
that it is in the Lebesgue measure class along some polynomial curve in W~^. More 
precisely, for z/-a.e x E X there is a subgroup Umw = Unew{x) of the affine group of 
W~^{x) such that the conditional measure of fij{x) on the polynomial curve t/neuiN C 
is induced from the Haar measure on Unew (We call such a set a "generalized 
subspace"). The exact definition is given in §0 

Thus, during the induction steps, we need to deal with generalized subspaces. This 
is not a very serious complication since the general machinery developed in ^ can 
deal with generalized subspaces as well as with ordinary affine subspaces. Also, at 
the end of the induction, we can show that we are dealing with a linear, i.e. non- 
generalized affine subspace (i.e. without loss of generality we may assume that 
consists of pure translations), see Proposition 16.91 

Completion of the proof of Theorem Let C{x) C H\S,J:,R) be the 

smallest subspace such that z^vk-(x) is supported on £~(x). The above argument can 
be iterated until we know the conditional measure I'w+ix) is Lebesgue on a subspace 
where U{x) C if"^(S', S,M) contains £(x). Then a Margulis-Tomanov style 
entropy comparison argument (see ^ IT3l) shows that W(x) = C{x), and the conditional 
measures along C~{x) are Lebesgue. Since lA^{x) contains the orbit of the unipotent 
direction A^, this implies that C~{x) contains the orbit of the opposite unipotent 
direction N C 5'L(2,]R). Thus, the conditional measure along the orbit of N is 
Lebesgue, which means that v is iV-invariant. This, together with the assumption 
that z/ is P = AA^-invariant implies that v is SL{2, ]R)-invariant, completing the proof 
of Theorem 12. 1[ 

3. Hyperbolic properties of the geodesic flow 

We recall the following standard fact: 

Lemma 3.1 (Mautner Phenomenon). Let v he an ergodic P -invariant measure on a 
space Z . Then v is A-ergodic. 

Proof. See e.g. poz] . □ 

Corollary 3.2. For almost all x G X, and W~[x] are embedded, and do not 

contain any points from lower strata. 



Proof. Since W and are the stable and unstable foliations for the action of 
gt G A, this follows from the Poincare recurrence theorem. □ 
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The hundles H^^J , H^-J and Hl^g^\ and if \ In this paper, we will need to deal 
with several bundles derived from the Hodge bundle. It is convenient to introduce a 
bundles Hj^fJ so that every bundle we will need will be a subbundle of H^^J or H^-J. 
Let (i G N be a large integer chosen later (it will be chosen in ^and will depend only 
on the Lyapunov spectrum of the Kontsevich-Zorich cocycle). Let 

= f (8) w^^(^) ® ® 

k=l j=l \ i=l 1=1 

The flow Qt acts on the bundle Hhig in the natural way. We denote this action by {g- 
Let H^'^g^^ (x) denote the direct sum of the positive Lyapunov subspaces of H^'^J i 



t *■ 



X) 



Lemma 3.3. The subspaces H^^\x) are locally constant along W'^[x\, i.e. for 
almost all y G ^^'^[x] close to x we have Hl'^^\y) = hI^^\x). 



Proof. Note that 

^(++)^^^ _ /„, ^ c7(+)^^^ . lim 

t^oo t 



Therefore, the subspace H^g^\x) depends only on the trajectory g^tx as t -> oo. 
However, if ?/ G then g^tU "will for large t be close to g-tX., and so in view of the 

locally linear structure, [g-t]* will be the same linear map on H^^{x) and H^^{y). 
This imphes that iJ^ J^^ {x) = Hll^\y) . □ 
Similarly, let 

d k / j k—j 

H\~g\^) = (8) w-{x) ® ^{w-{x)r 

k=l j=l \ 1=1 1=1 

and let hI~~^ denote the direct sum of the negative Lyapunov subspaces of H^^J . 
Then, the subspaces Hj^~~\x) are locally constant along 

The Avila-Gouezel-Yoccoz norm. The Avila-Gouezel-Yoccoz norm on the rela- 
tive cohomology group H^{M, S,R) is described in This then induces a norm on 
which we will denote by || ■ ||y on W^, and then, as the projective cross norm, also 

Choose a compact subset K'^f^-^i^ C X with i^{Kl.^-^i^) > 5/6. Let Ktuck = {x E X : 

rf(x,i^;,,j<i}. 

Lemma 3.4. There exists a > such that the following holds: suppose x G X and 
t > are such that the geodesic segment from x to gtx spends at least half the time 
in Kthick- Then, 
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(a) For all v e W~{x), 

Ugt)*v\\Y<e~'''\\v\\Y. 

(b) For all all v G W+{x), 

\\i9M\Y>e''mv\\y. 

(c) For every e > there exist a compact subset K^f^^^f, C X with ^{K'^j^^^f^) > 1 — e 

hig 



and to > such that for x G K'^^^^^^, t > t^ and all v G Hj^'^'^\x), 



Y- 



Proof. Parts (a) and (b) follow from Theorem IA.2I Part (c) follows immediately 
from the Osceledec multiplicative ergodic theorem. □ 

We also have the following simpler statement: 
Lemma 3.5. There exists N > such that for all x & X, all t ^ M, and all 

e-^'^HvlW <\\{g,)M\Y <e''\'\MY- 
For V G we can take N = 2. 

Proof. This follows immediately from Theorem I A. 21 □ 

Proposition 3.6. Suppose C G X is a set with v{C) > 0, and Tq : C 
is a measurable function which is finite a.e. Then we can find Xq G X, a subset 
Ci C iy"[xo] nC and for each c G Ci a subset E~^[c] C Vr"*"[c] and a number t{c) > 
such that if we let 

Jc= \J g-tE-'ic], 

0<t<t{c) 

then the following holds: 

(a) E~^[c] is relatively open in W~^[c\. 

(b) JcHJc' =0 ifcj^c'. 

(c) Jc is embedded in X , i.e. if g^t.x = g~t'x' where x, x' G E^\c\ and < t < t{c), 
< t' < t{c) then x = x' and t = t' . 

(d) UceCi is conull in X . 

(e) For every c E Ci there exists d G C\ such that g_t{c)E'^\c\ C £'"'~[c']. 

(f) t(c) >To{c) for allceCi. 

Remark. All the construction in ^will depend on the choice of C and Tq, but we 
will suppress this from the notation. The set C and the function Tq will be finally 
chosen in Lemma 14.91 

The proof of Proposition 13.61 relies on the following: 
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Lemma 3.7. Suppose C d X is a set with v{C) > 0, and Tq : C — t- is a 

measurable function which is finite a.e. Then we can find Xq G X, a subset Ci C 
Vr~[xo] n C and for each c ^ Ci a subset E~^[c] C Vr^[c] so that the following hold: 

(0) E~^[c] is a relatively open subset ofW~^[c]. 

(1) The set E = IJcgc -^^H ^■^ embedded in X, i.e. if g^tx = g-t'x' where 
X e E+[c\, x' e E+[c'], <t < t{c), <t' < t{c') then c = c' , x = x' and 
t = t'. 

(2) For some e > 0, z/(Utg(o,e) 9tE) > 0. 

(3) lft>0 andceCi is such that g-tE^[c] f^E^^, then g-tE^[c] C E+[c'] for 
some c' E Ci. 

(4) Suppose t, c, c' are as in (3). Then t > To(c). 

Proof. This proof is essentially identical to the proof of Lemma IB.lj except that 
we need to take care that (4) is satified. 

Choose Ti > so that if we let Ci = {xeC : To{x) < TJ then v{Ci) > v{C)/2. 
Let Xper denote the union of the periodic orbits of gt. By ergodicity, z/(Xper) = 0, and 
the same is true of the set X'^^^. = UxeXpe^ ^"""N- Therefore there exists xq G C4 and 
subset C3 C H^~[a;o] H C4 with i^w-ixo]{C3) > such that for x e C3 and < t < Ti, 
g-tX ^ C3. Then, since C3 is compact, we can find a small neighborhood C 
of the origin such that the set IJcgCs '^'^l'^] embedded in X and for x G IJcgCs ^~^[^] 
and < t < Ti, g^tx ^ [JceCs ^^H- 

Let a > be as in Lemma [3.41 Then, by Lemma [3.41 (c). without loss of generality 
we may assume that there exists C2 C C3 with iyw+ixo]{C2) > and N > Ti such that 
for all c G C2 and all T > N, 

\{tE[0,T] : (?_,cG J^L,,J| >r/2. 

Then, for c G C2, T > and x G \/+[c], 

\{te [0,r] : g.txeKthick}\>T/2. 

Let 

M = sup(|^^ : X eV+[c],y eV+[c],ceC2,v eW+{x) 

Let a > be as in Lemma [331 and choose A^i > such that {Mfe~"^^ < 1/10. 

Then, for c G C2, x, y G V~^[c] and t > Ni such that g^tx G UceC2 ^"""H' view of 
Lemma 13. 4[ 

dig-tx,g-ty) < —d{x,y). 

Now choose Ci C C2 with i^w-ixo){Ci) > so that if we let Y = UceCi then 
g-tY ny = 0forO<t< max(Ti, A'^i), in other words, the first return time to Y is at 
least max(Ti, A'^i). (This can be done e.g. by Rokhlin's Lemma). Condition (4) now 
follows since To(c) < Ti for all c G Ci. The rest of the proof is essentially the same 
as the proof of Lemma IB. 11 □ 
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Proof of Proposition 13.61 For x E E, let t{x) E M"*" be the smallest such that 
g-t(x)X E E. By property (3), the function t{x) is constant on each set of the form 
E+[c]. Let Ft = {xeE : t{x) = t}. (We have = if t < A^i). By property (2) 
and the ergodicity of g^t, up to a null set, 

X = \jF,. 

t>o 

Then properties (a)-(f) are easily verified. □ 

Notation. Let J[x] denote the set Jc containing x. 
Lemma 3.8. Suppose y E W~^[x] fl J[x]. Then for any t > 0, 

g^ty e J[g_tx]nW+[g^tx]. 

Proof. This follows immediately from property (e) of Proposition 13.61 □ 

Notation. Let 

^t[x]=g^t{J[gtx]nW+[gtx]). 

Lemma 3.9. 

(a) Fort >t' >0, ^t[x] C ^t'[x]. 

(b) Suppose t > 0,t' > X E X x' E X are such that '^t[x] H '^t'[x'] ^ 0. Then 
either ^t[x\ 5 ^t'[x'] or ^t'[x'] D ^t[x\ (or both). 

Proof. Part (a) is a restatement of Lemma [3.81 For (b), without loss of generality, 
we may assume that t' > t. Suppose y E 23t[x] fl Then y E J[gtx] fl 

and y E J[gt'x'] fl Since the J[c] are pairwise disjoint, J[gtx] = J[gt'x'], 

and thus ~ ^t[^']- Now the statement follows from (a). □ 

By construction, the sets 23o[a;] are the atoms of a measurable partition of X 
subordinate to (see Definition IB.3p . Then, let I'w+ix) denote the conditional 
measure of u along the atom of the partition containing x. 

Lemma 3.10. Suppose ^{K) > 1 — 5. Then there exists a subset K* C K with 
jy{K*) > 1 — (5^/^ such that for any x E K* , and any t > 0, 

i^w+idK n ^t[x]) > (1 - 6'/^)iywA'^t[x]). 

Proof. Let E = K'^, so vi^E) < 6. Let E* denote the set x E X such that there 
exists some t > with 

(3.1) uw+iE n ^t[x]) > 6'/^uw+{'St[x]). 
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It is enough to show that jy{E*) < 5^/^. Let t{x) be the smallest t > so that (13. ip 
for X. Then the (distinct) sets {^t(x){x)}xeE* cover E* and are pairwise disjoint by 
Lemma 13.91 (b) . Let 

F= [j ^,(.)(a:). 

Then E* C F. For every leaf of let A{y) denote the set of distinct sets 

where x varies over Then, by (13. ip 

uw+iF n W+[y]) = J2 ''wA'^ti.)) < 
My) 

Integrating over y, we get z/(F) < 5~^^^u{E). Hence, 

iy{E*) < u{F) < 5~^'^u{E) < 5^'^. 

□ 

The sets B, B[x\, Bt[x\ and B{x). Let Bt[x] = U+[x] D ^t[x]. We will also use the 
notation B[x] for Bo[x]. 

For notational reasons, we will make the following construction: We fix a transversal 
{x) to the stabilizer of (x) fl (x) of x in {x) . {U^ [x) need not be a group) . 
Then, let 

Bt{x) = {u e U^{x) : ux e Bt[x]}. 

We pull pack the measure | ■ | from Bt[x] to Bt{x), and denote the measure again by 
I ■ |. We also write B{x) for Bo{x). Finally, let B C be the unit ball. 
The same argument as Lemma 13.101 also proves the following: 

Lemma 3.11. Suppose v{K) > 1—5 and 9' > 0. Then there exists a subset K* C K 
with v{K*) > 1 — 6/6' such that for any x G K* , and any t > 0, 

\KnBt[x]\ > {1 - 9')\Bt[x]\, 

and thus 

\{ueBtix) : ux E K}\ > (1 - 9')\Bt{x)\. 

4. General cocycle lemmas 

4.1. Lyapunov subspaces and flags. Let Vi{x), 1 < i < k denote the Lyapunov 
subspaces of the Kontsevich-Zorich cocycle under the action of the geodesic flow gt, 
and let Aj, 1 < z < /c denote the (distinct) Lyapunov exponents. Then we have for 
almost all a; G X, 

k 

i7i(M,S,M) = 0V,(x) 
1=1 
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and for all v G Vj(x), 

hm - log — r-- — = Ai, 

f-J-itoo t \\V\\ 

where || ■ || is any norm on H^{M, E, M) for example the Hodge norm defined in §A.1[ 
By the notation {gt)*v we mean the action of the geodesic flow (i.e. parallel transport 
using the Gauss-Manin connection) on the Hodge bundle H^{M, S, M). We note that 
the Lyapunov exponents of the geodesic flow (viewed as a diffeomorphism of X) are 
in fact 1 + Ai and — 1 + A,, < z < A; + 1. We have 

1 = Ai > Ai > ■ ■ ■ > Afc = -1. 

It is a standard fact that dimVi = dimVi = 1, Vi corresponds to the direction of 
the unipotent and Vi corresponds to the direction of N. Let p : if^(M, Z1,M) — )■ 
H^^MjW) denote the natural map. If x G X denotes the pair (M, w), then let 

Hl{x) = {a e H\M,^,R) : p{a) A Re {to) = p{a) Mm (to) = 0}. 

Then 

i=2 

We note that the subspaces H]_{x) are equivariant under the SL[2,'R) action on X 
(since so is the subspace spanned by Recu and Imcj). Since the cocycle preserves the 
symplectic form on H]_, we have 

Xk+i-i = -Aj, 1 <i <k. 

Let 

i A; 

V^{x) = ^V,ix), V.{x)= V,(x). 

j=l j=k+l-i 

Then we have the Lyapunov flags 

{0} = Vo{x) C Vi(x) C ■ ■ ■ C Vk{x) = H\M, S, M) 

and 

(4.1) {0} = Vo{x) C fi(x) C ■ ■ ■ C Vk{x) = H\M, S, M). 

We record some simple properties of the Lyapunov flags: 
Lemma 4.1. 

(a) The subspaces Vi{x) are locally constant along W~^[x], i.e. for almost all y G 

close to x we have Vi{y) = Vi{x) for all 1 < i < k . 

(b) The subspaces Vi{x) are locally constant along W^[x], i.e. for almost all y G 

close to X we have Vi{y) = Vi{y) for all 1 < i < k. 
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Proof. To prove (a), note that 

V,ix) = LeHiix) : limllog%4r^<-AA 

t-^oo t \\V\\ J 

Therefore, the subspace Vi{x) depends only on the trajectory t — i- oo. How- 

ever, if y G 14^^ [x] then g^tU "will for large t be close to (yf-jX, and so in view of the 
affine structure, (g^s)* will be the same linear map on H^{M, S, R) at g^t^ and g-ty, 
as in §31 This implies that Vi{x) = Vi{y). The proof of property (b) is identical. □ 

The action on W+. We have W+{x) = (1,0) O i/i(M, S, M). For v G #+(x), 
we denote by (gt)* the action of the geodesic flow (i.e. parallel transport using the 
Gauss-Manin connection followed by multiplication by e*). All the results of §4. II also 
apply to this action, except that the Lyapunov exponents Aj are replaced by 1 + Aj. 
We will usually consider the restiction of the map (gt)* to W~^{x) C W~^{x) (see 

(O). 

4.2. Equivariant measurable fiat connections. Let L be a subbundle of h'^'^^\ 
By an equivariant measurable flat VT^-connection on L we mean a measurable col- 
lection of linear "parallel transport" maps: 

F{x,y) : L{x) L{y) 

defined for z/-almost all a; G X and vw+f^^) almost all y G H^+fx] such that 

(4.2) F{y,z)F{x,y) = F{x,z), 
and 

(4.3) {gt)* o F(x, y) = F{gtX, gty) o {gt)^. 

For example, if L = W^{x), then the Gauss-Manin connection (which in period local 
coordinates is the identity map) is an equivariant measurable fiat connection on 
. However, there is another important equivariant measurable flat ly "'"-connection 
on which we describe below. 

The maps P~^{x,y) and P~{x,y). Recall that V^{x) C W^{x) are the Lyapunov 
subspaces for the flow gt. Recall that the V^{x) are not locally constant along leaves 
of W~^, but by Lemma WA\ the subspaces Vj^{x) = ^fc=iVj^(x) are. Now suppose 
y G iy"'"[x]. Any vector v G V^{x) can be written uniquely as 

v = v' + v" ve V+(i/), v" G V^+i(y). 

Let P^{x, y) : V^{x) — )■ V^iy) be the linear map sending v to v' . Let P^{x, y) be the 
unique linear map which restricts to P^{x,y) on each of the subspaces V^{x). We 
call P~^{x,y) the "parallel transport" from x to y. The following is immediate from 
the definition: 

Lemma 4.2. Suppose x, y G Vr"'"[2]. Then 
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(a) P+(x,i/)V+(x) = V+(y). 

(b) P+{gtx,gty) = (gt)^ o P+{x,y) o {g^ ^),. 

(c) {x , y)V^^ (x) = V^^{x). If we identify W^{x) with W~^{y) using the Gauss- 
Manin connection, then the map P~^{x,y) is unipotent. 

(d) P+{x,z) = P+{y,z)oP+{x,y). 

The statements (b) and (d) imply that the maps P^{x,y) define an equivariant 
measurable fiat VT^-connection on W^. This connection is in general different from 
the Gauss-Manin connection, and is only measurable. 

If ?/ G then we can define a similar map which we denote by P~{x, y). This 

yields an equivariant measurable fiat l^~-connection on W~ . 

Clearly the connection P~^{x, y) induces an equivariant measurable fiat VT^-connection 
on any subbundle L of Hbtg^^ ■ This connection preserves the Lyapunov subspaces of 
the (fraction on L, as in Lemma [4.21 (a). 

Equivariant measurable fiat t/^-connections. Suppose C is an 

(7t-equivariant system of algebraic subsets. By an equivariant measurable fiat U^- 
connection on a bundle L C Hl^g^^ we mean a measurable collection of linear maps 
F{x,y) : L{x) L{y) satisfying (14. 2 p and (14. 3p . defined for //-almost all x G X and 
i^c/+[x] -almost all y G [/^[a;]. In all the cases we will consider, the conditional measures 
along vu+ix] are in the Lebesgue measure class (see 

4.3. The Jordan Canonical Form of a cocycle. 

Passing to finite covers. We often get a situation where there is some finite set 
of subspaces Li(x), . . . , L^i^x) of H\ which are permuted by the cocycle. Then there 
exists a finite extension of the action on which the subspaces Li are invariant. See 
e.g. |ACO| §4] for details of this construction. Since the cocycle respects the affine 
structure, the extension may be identified with an action on a finite cover X' oi X. 
(Here we are working in a measurable category and so all finite covers of a given 
degree are measurably isomorphic). Let v' be an ergodic component of 7r~^(i/) where 
IT : X' X is the covering map. By "passing to a finite cover" we mean replacing 
X by X' and v by v' . 

Zimmer's Amenable reduction. The following is a general fact about linear 
cocycles over an action of M or Z. It is often called "Zimmer's amenable reduction" . 
We state it only for the cases which will be used. 

Lemma 4.3. Suppose Lj is a subbundle of H^g^\ (For example, we could have 
Li{x) = Vi{x)). Then, after possibly replacing X by a finite cover, there exists an 
invariant flag 



(4.4) 



{0} = Li^o{x) C Li^i{x) C ■ ■ ■ C Li^nA^) = Li{x), 
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and on each Lij{x)/Lij^i{x) there exists a nondegenerate quadratic form (-, and 
a cocycle Ajj : X x M — )■ M such that for all u,v E Lij{x)/ Li j_i[x) , 

(4.5) {{gt)*u, {9t)*v)ij^g,^ = e^'^(^'*)(n, v)ij^^. 

Remark. The statement of Lemma 14.31 is the assertion that one can make a change 
of basis at each a; G X so that in the new basis, the matrix of the cocycle restricted 
to Li is of the form 



(4.6) 





* 


• * \ 







* 






* 


V 


. 





where each C^j- is a conformal matrix (i.e. is the composition of an orthogonal matrix 
and a scaling factor 

Proof of Lemma 14.31 See jACO] (which uses many of the ideas of Zimmer). The 
statement differs slightly from that of |ACOl Theorem 5.6] in that we want the cocycle 
in each block to be conformal (and not just block-conformal). However, our statement 
is in fact equivalent because we are willing to replace the original space X by a finite 
cover. □ 



4.4. Covariantly constant subspaces. The main result of this subsection is the 
following generalization of Lemma 14.11 

Proposition 4.4. Suppose L C H^^^'' is an gt-equivariant subbundle. We can write 

L(a;) = 0L,(x), 

i 

where Li{x) is the Lyapunov subspace corresponding to the Lyapunov exponent A^. 
Suppose there exists an equivariant flat measurable -connection F on L, such that 

(4.7) F{x,y)U{x) = U{y), 

and that M G L is an gt-equivariant subbundle. Then, 

(a) For almost all y G ^oN, 

F{x,y)M{x) = M{y), 

i.e. the subbundle M is locally covariantly constant with respect to the con- 
nection F. 

(b) For all i, the decomposition Iji4-4\ l of Li is locally covariantly constant along 

, i.e. for v\Y+(x)-o.lmost all y G ^o[2^]> for all i E I and for all 1 < j < Ui, 

(4.8) Lij{y)=F{x,y)L,,{x). 
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Also, up to a scaling factor, the quadratic forms (■, are locally covari- 
antly constant along , i.e. for almost all y G ^oN? o.'iT'd for v,w E 
Lij (x) /Lij_i(x) , 

(4.9) {F{x, y)v, F{x, y)w)ij,y = c(x, y) {v, w)ij^^. 

Corollary 4.5. Suppose M C iJ^(M, S,R) is an gt-equivariant subbundle . Suppose 
also Vi-i{x) C M{x) C Vi{x). Then, M{x) is locally constant along W~^{x). 

Proof of Corollary 14.51 By Lemma |4.H L{x) = Vi{x)/Vi-i{x) is locally con- 
stant along iy"'"[x]. Let F{x,y) denote the Gauss-Manin connection (i.e. the identity 
map) on L{x). Note that the action of gt on L{x) has only one Lyapunov expo- 
nent, namely Aj. Thus, (14.71) is trivially satisfied. Then, by Proposition 14.41 (a), 
M{x)/Vi_i{x) C L{x) is locally constant along iy"'"[x]. Since Vi_i{x) is also locally 
constant (by Lemma [4.11) . this implies that M{x) is locally constant. □ 

Remark. The proof of Proposition 14.41 is inspired by and is similar to the argument 
in Appendix O In particular, it is also based on Lemma IC.7I 



To prove Proposition 14.41 we first prove the following: 

Lemma 4.6. Suppose Li is either a subbundle or a quotient bundle of the Hodge 
bundle. Also suppose that there exists A^ G M such that for almost all x E X and all 

v 1, \\{9t)M\ . 1- 1, ll(^?t).^ll , 

hm - log = Ai, lim - log = Ai, 

t^oo t \\V\\ t^-oo t \\V\\ 

(so the Lyapunov spectrum of the cocycle on Li[x) consists of the single number Xi). 
Then, for all j , 



X 



Xij{x, 1) diy{x) = Xi 
where the Xij are as in Lemma \4^ 



Proof. Let the Lij be as in Lemma SSI Suppose v G Lij{x) \ Ljj_i(x) Then, using 
the basis as in (14.61) . for t > 0, 

||(5*)*t'||>e^-(-'*)|K;||. 

Hence, for almost all x G X, 

Xi = lim ]■ log > lim ^Xij{x, t) = lim ^ Xij{gkX, 1). 

" " k=0 

Integrating both sides over X we get 

Aj > / Xij{x, 1) dv{x). 
Jx 
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To prove the opposite inequality, we consider the flow in the opposite direction. We 
have for t > 0, 

U9^t)*v\\>e''^^''-'^\\v\\. 

Hence, for almost all x G X, 



—A, = lim - lo 



1 *''*^'" > lim ]-Xij{x,-t) = lim Xij{g_kX, -1). 



i— >+oo t k' t->oo t t->oo t 

" " fc=0 

Integrating both sides over X we get 

-Ai > /" Ay(x, -1) dv{x), 

which implies 

Aj < / Aij(x, 1) dv{x). 



X 



X 

□ 

Proof of Proposition 14.41 We now begin the proof of (a). We first make some 
preliminary reductions. Since M{x) is (^t-equivariant, 

M(a;) = 0M,(x), M,{x) C h{x). 

Thus, it is enough to show that 

F{x,y)Mi{x) = Mi{y). 

After applying Lemma [4.31 first to Mi and then to Li/ Mi, we get a flag 

(4.10) {0} C L,,{x) C • ■ ■ C hn{x) = Li{x), 

such that Mi = Lij for some j, and such that (14.51) holds (and so the cocycle has the 
form (14. 6p ). Thus, it is enough to show that locally, 

(4.11) F{x,y)L,j{x) = L,,{y). 

Suppose X G Jc, where is as in Proposition ESI Then the sets {g-tc : <t < t{c)} 
and 53o[a;] = Jc fl ^^"'"[x] intersect at a unique point xq G X. Then, we can replace 
the bundle L{x) by L{x) = F{x,xq)L{x). Then, for y G 53o[x], 

L{y) = F{y,xo)L{y) = F{y, xo)F{x,y)L{x) = F{x,xo)L{x) = L{x), 

i.e. L{x) is locally constant along W'^{x). Also, by (14.31) . the action of ((^i)* on L is 
locally constant. Thus, without loss of generality, we may assume that F is locally 
constant (or else we replace L by L). Thus, in view of (14. lip , it is enough to show 
that assuming the subspaces Li{x) are almost everywhere locally constant along W~^, 
the subspaces Lij{x) of (I4.10p are also almost everywhere locally constant along W~^. 
Suppose that this does not hold. We will derive a contradiction. 

The functions Lij : X — Gvij where Gvij is the Grasmmannian of dim(Ljj)-planes 
are measurable. Therefore, for every e > there is a subset with viK^) > 1 — e 
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such that the restriction of the Lij to is uniformly continuous. By Lemma I3.10[ 
there exists a subset K* C with 

K/C)>l-c(e), 

so that for any x G K* and any t > 0, 

UwA'^tix] n K,)| > (1 - c{e))iyw+{'St[x]), 

where c(e) — )■ as e — 0. 

For each x G X we fix a "standard basis" for L which varies continusly with x. 
Also, for each x G X there exists a basis (3^ such that in this basis, the cocycle has 
the form fl4.6p . Let H{x) be a linear map which takes the basis to the standard 
basis. Then, we may assume that the function x — )■ H{x) is continuous on and 
thus there exists a constant C = C{e) such that 

(4.12) max(||i7(x)||, \\H{x)-^\\) < C(e), for x G K,. 

We denote by Lij{x) the complement of Lij_i{x) in Lij{x) relative to the basis /3x- 

Let j < n be minimal such that for a positive measure set of x & X and a positive 
measure set of ?/ G 23o[x], Lij{x) ^ Lij{y). Let 

L'{x) = 

By the definition j, we have L'{x) = L'{y) for almost all x and almost all y G 53o[x]. 

Since Lij{x) ^ Lij{y), there exists w G Lij{y) such that f ^ Lij{x). We have 
w G V^j(a;) (since G Lij{y) C ^^(y) and V^(y) = Vi{x) by Lemma ICTl Then v has 
a component in Lim{x), where Lim{x) (f. Lij{x), i.e. m > j. We choose m to be 
minimal. Hence, 

L'{x) = Lij_i{x) C Ljj(x) C Li,^_i(x) C Lj„(x). 

It follows that there exist 6 > 0, a > and a set C X with ly^E) > such that for 
all a; G -E" and for at least 5-fraction (with respect to z^vk+) of y & ®oN there exists 
a unit vector v{y) G Lij{y) such that 

(4.13) v{y) = Vim{y) + w{y), Vim{y) e Lim{x), w{y) e Li^m-i{x), 
and 

(4.14) \\vim{y)\\ > 
Let 

P*(a;) = {te (-00,0] : (7^0; G K:}. 
Now choose e > so that 2c(e) < 5. 

Claim 4.7. Suppose x G -E fl J^* anc? t G P*. T/ien i/iere exists y = y(t) G -R'e swc/i 
i/ifli Qty G -ft'e anc? 

(4.15) d{L,^{gty), U,{gtx)) > aC(e)-ie^""(^'*)-"-(^'*). 
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Proof of claim. Since 
and 

uw+i'BitilgtxjniQ > (1 -c(e))z/H.+ (53|i|M), 

we have that 

uw+{{ye^o[x] : gtyeK,})>{l-c{e))uw+{^o[x]). 

Also, since x G K*, 

z/^+(53oN n/Tj) > (1 -c(e))z/H.+ (®oN)- 

Since 2c(e) < 6, we can choose y G '^o[x] and f G Lij{y) such that (14.130 and (I4.14p 
hold, and also 

(4.16) yeK, and gty G /sT,. 
Then, since v G Lij{y), and in view of (I4.12p and (14. 5p . 

C<(e)"ie^-(^'*) < rf((^?,).^(y),L'(^7,y))) < C{e)e''^^y^'\ 

Since the standard basis depends continuously on the base point, and in view of 
(I4.12P and (I4.16p . the operator norm of the linear map taking to Py is bounded by 
a constant depending on e. Similarly, since x and y stay together under gt, gtx G 
and gty G K^, the operator norm of the linear map taking f3g^x to f3g^y is bounded by 
a constant depending on e. Therefore, 

(4.17) Ci(e)-ie^'^'(^''*) < e^"^^^'*) < Ci(e)e^'^(^'*) 
Hence, since L'{gty) = L'{gtx), 

(4.18) C2(e)-ie^-(^'*) < rf(((7i)*^(z/), i^'(^?ta;)) < C2(e)e^-(^'*). 
But, in view of the form of the cocycle (14. 6p . 

i9t)*v{y) = {gt)*Vira{y) + {gt)*w{y) 

and 

{gt)*Vini{y) = e^"''^''''''^Oim{x,t)vim{y) + w' e Li,n{gtx) + 
where Oimix,t) is an orthogonal matrix in the basis (3^, w' G Li jn~i{gtx), and 

(5't)*^'(2/) e Li.^^i{gtx) 

Therefore, (because of the lower bound on the Lim component) and using (14.120 . 

(4.19) d({gt)Ay).L,A9tx)] > d({gt)My).U,m-i{gtx)] > aC(e)-ie^™(--'*). 
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For V G Vi(x), let ti'^{v) denote the point closest to the origin in the set v + L'{x) (so 
in particular, since L\x) C Lij{x), 7i'^{Lij{x)) C Lij{x)). Thus, we can rewrite (I4.19P 

as 



Also, in view of fl4.18p . we have 
Hence, 

(4-20) d f /f4444w' ^^m) > .C(e)-ie^™(-*)-^»^(-*). 

\\\Ktx{\9t)*v[y))\\ J 

Since L'{gtx) = L'{gty) we have 7rg^y{{gt)*v{y)) = '^'gtxii9t)*v{y)). Hence 
Ktyii9t)*v{y)) 

Ky((9t)Mym 

Since T^'g^y{{gt)*v{y)) G Lij{gty), this completes the proof of the claim. □ 

We now continue the proof of Proposition 14.41 For t G V*{x), let y = y{t) be as in 
the claim. Then, as t — >■ — oo in V*{x), d{gtx,gty) — ?■ 0. Then, since gtx G and 

gty e K^, 

(4.21) d{L,,{gty),Uj{gtx))^0. 
Then, (g^H) and fl4:T5|) imply that for all x e E, 

Xij{x,t) — \im{x,t) — )• OO, as t — 7- — oo in V*{x). 

Let T = (yf_i denote the time —1 map of the geodesic flow. S ince X-ij and Xim are 
cocycles, for t G Z, 

i-l 

Xij{x,t) = ^Aij(T"x,l), 

n=0 

Therefore, for all x G -E fl K*, 

(4.22) liminf | V XiAT'x, 1) - Ai^(r x, 1) : T"x G JC 1 = oo. 

L r=0 J 

Since for almost all a: G X, T^x G -E fl -ft'* for some n G M, f l4.22p holds for almost all 
a; G X. Therefore, by Lemma [C.7t 



Xij{x,l) diy{x) > / Aim(x, 1) (iz/(x). 
This contradicts Lemma |46| and completes the proof of (a), and also of ( 14. 8p . 
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We now prove (14.91) . Let K d denote a compact subset with v{K) > 0.9 where 
(■, is uniformly continuous. Consider the points gtx and gty, as t — )■ — oo. Then 
digtx, gty) 0. Let 

vt = e-^'^^^^'\gt).v, wt = e-^^^^^''\gt).w. 
Then, by Lemma [4.31 we have 

(4.23) {vt,wt)ij,gtx = {v,w)ij^x, {vt,wt)ij,g,y = c{x,y,t){v,w)ij^y. 
where c{x,y,t) = e^iji^^'t)-^i3iy^'t) _ 

Now take a sequence — > oo with gf^^x E K, gt^y E K (such a sequence exists for 
u-a-.e. X and y with y E 53o[x]). Then in view of (14.171) . c(x, y, tk) is bounded between 
two constants. Also, 

Now the equation IK9\i follows from IK23\} . □ 
The proof also shows the following: 

Remark 4.8. Proposition 14.41 applied also to [/"'"-connections, provided the measure 
along U~^[x] is in the Lebesgue measure class, and provided that in the statement, 
the set ^o[x] is replaced by B[x] = 'tBo[x] fl [/"""[a;]. 

4.5. Dynamically defined norms. In this subsection we define a norm on || ■ || on 
^big'^^ which has some advantages over the AGY norm || ■ ||y. 
The function H(x). Let 

S"^(x) = supsup : v E Lij{x) / Lij^i{x), \\v\\y,x = l} , 

and let 

S-(x) = infinf : v E Lij{x)/Lij.i{x), \\v\\y,x = lY 

Let 

(4.24) S(x) = E+{x)/E-{x). 
We have S{x) > 1 for all x E X. 

Lemma 4.9. Fix e > smaller than miuj |Aj|, and smaller than miuj^ |Aj — Aj|, where 
the Xi are the Lyapunov exponents of H^^'^ . There exists a compact subset C G X 
with viC) > and function Tq : C ^ M"*" with Tq{x) < oo for u a.e. x E C such that 
the following hold: 

(a) There exists o" > such that for all c E C , and any subset S of the Lyapunov 
exponents, 

d{^U{c),^L,{c))>a, 
where d{-,-) denotes (any) distance between subspaces. 
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(b) There exists M' > 1 such that for all ceC,E{c) < M'. 

(c) For allc E C and for all t > Tq{c), for any subset S of the Lyapunov spectrum, 

rf(0L,(^_,c),0L,(<7_,c))>e-*, 

where Li{c) = yi{Hjj^g^\c)) . Hence, for all c G C and all t > To(c) and all 
a' eCn W+[g^tc] with d{c, c') <1, 

(4.25) pr'e-* < \\P^{g^,c,c')\\y ^ sup \\P^(9-tC, c')v\\y,, ^ 

Vy^O 11'^ II y,g_tc 

where pi = pi{M',a,sup{\\v\\Y,x/\\v\\Y,y ■ x,y e C,d{x,y) < 1}). 

(d) There exists p > such that for all t > Tq{x), for all c E C, for all i and all 

V e Li{c), 

(4.26) e-(^»+^)ViP'll^l|y,c < \\g-tv\\Y,a-,c < prV"'e"(^-^)it;||y,,. 

Proof. Parts (a) and (b) hold since the inverse of the angle between Lyapunov 
subspaces and since the ratio of the norms are finite a.e., therefore bounded on a set 
of almost full measure. To see (c), note that by the Osceledec multiplicative ergodic 
theorem, [KHt Theorem S.2.9 (2)] for i/-a.e. x G X, 

lim \ \ogsm\/L{^Li{g_tx),^Lj{g_tx)) = 0. 

Also, (d) follows immediately from the multiplicative ergodic theorem. □ 

We now choose the set C and the function Tq of Proposition 13.61 and Lemma 13.71 
to be as in Lemma 14.91 

The inner products (-, on -E''''[c]. Note that the inner products (■, and the M- 

valued cocycles Xij of Lemma are not unique, since we can always multiply (•, ■)ij^sc 
by a scalar factor c{x), and then replace Xij{x,t) by Xij{x,t) + log c{gtx) — logc(x). 
In view of fl4.9p in Proposition 14.41 (b), we may (and will) use this freedom to make 
(■, ■)ij,x constant on each set -E''^[c], where E~^[c] is as in ^ 

The inner product (■, )x on -^'''[c]. Let 

(4.27) {0} = K) C ^1 C . . . 
be the Lyapunov flag for H\^g^\ and for each i, let 

(4.28) Vi.i = \/,o C C . . . Vi,n, = V, 

be a maximal invariant refinement. 

Let Li = Vi{H^'^g^'^) denote the Lyapunov subspaces for h'^^\ Then we have a 
maximal invariant flag 

{0} = Lj^o C Li^i C ■ ■ ■ C Li^m = Li, 
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where Lij = Lj fl Vij . 

Let c, E~^[c] be as in ^121 By Lemma 14.91 (b), we can (and do) rescale the inner 
products (■, ■)jj_c so that after the rescahng, for all v G Lij{c)/ Li j_i{c), 

{M'y'\\v\\Y,c<{v,v)]jl<M'\\v\\Y^,, 

where || ■ \\y,c is the AGY norm at c and M' > 1 is as in Lemma [4.91 We then choose 
L'ij{c) C Lij{c) to be a complementary subspace to Ljj_i(c) in Lij{c), so that for all 
V G Ljj_i(c) and all v' G L[j{c), 

\\v + v'Wy^c > p" max{\\v\\Y,c, \\v'\\y,c), 

and p" > depends only on the dimension. 
Then, 

Let TTjj : Vij — )■ Vij/Vij-i be the natural quotient map. Then the restriction of iTij to 
L'ij{c) is an isomorphism onto Vij{c) /Vij-.i{c). 

We can now define for G Hj;^g^\c), 

where u = ^Uij, v = ^Vij, Uij G L[j{c), Vij G L^(c). 

ij ij 

In other words, the distinct L[j[c) are orthogonal, and the inner product on each L[j{c) 
coincides with (-, ■)ij^c under the identification TTjj of L[-{c) with Vij{c) /Vij^i{c). 

We now define, for x G £-^[0], and it,!' G H^^^ix') 

{u, v)^ = (P+(x, c)u, P+(x, c)v)c, 

where P~^{-, ■) is the connection defined in §4.21 Then for x G -E'*'[c], the inner product 
(■, ■)x induces the inner product (■, ■)ij^x on Vij{x)/Vij-i{x). 

Symmetric space interpretation. We want to define the inner product {■,-)x 
for any x G J[c] by interpolating between (■,-)c and {■,-)c', where c' is such that 
g-t(c)C G -E"'"[c']. To define this interpolation, we recall that the set of inner products 
on a vector space V is canonically isomorphic to GL{V)/ SO{V), where GL{V) is the 
general linear group of V and SO{V) is the subgroup preserving the inner product 
on l^. In our case, V = H^ktg^\c) with the inner product {■,-)c- 

Let Kc denote the subgroup of GL{hI^^\c)) which preserves the inner product 
(■, ■)(,■ Let Q denote the parabolic subgroup of GL{hI'^^\c)) which preserves the flags 
(I4.27P and (I4.28p . and on each succesive quotient l^j(c)/Vij_i(c) preserves (■, ■)ij^c- Let 
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A'Kc denote the point in GL{Hl^g^\c)) / Kc which represents the inner product (-, ■)c', 
i.e. 

{u,v)c' = {A'u,A'v)c. 

Then, since (■, ■)c' induces the inner products {■,-)ij,c' on the space Vij{c')/Vij-i{c') 
(which is the same as Vij{c)/Vij_i{c)), we may assume that A' e Q. 

Let Nq be the normal subgroup of Q in which all diagonal blocks are the identity, 
and let Q' = Q/Nq. (We may consider Q' to be the subgroup of Q in which all 
off-diagonal blocks are 0). Let it' denote the natural map Q — ?■ Q'. 

Claim 4.10. We may write 

A' = AA", 

where A E Q' is the diagonal matrix which is scaling by e~''*»*(^) on Li{c), A" E Q and 
p"||=0(e^*). 

Proof of claim. Suppose x E E^[c] and t = —t(c) < where c E Ci and t{c) is 
as in Proposition 13.61 By construction, —t > Tq{c), where Tq{c) is as in Lemma [4.91 
Then, the claim follows from fl4.25p and Lemma [4.91 (d). □ 

Interpolation. We may write A" = DAi, where D is diagonal, and det = 1. In 
view of Claim mni \\D\\ = 0(e^*) and = 0(e^*). 

We now connect Ai/Kc to the identity by the shortest possible path F : [— t(c), 0] — )■ 
QKc/Kc, which stays in the subset QKc/Kc of the symmetric space SL(y)/Kc. (We 
parametrize the path so it has constant speed). This path has length 0(et) where the 
implied constant depends only on the symmetric space. 

Now for -t(c) < t < 0, let 

(4.29) A{t) = (AD)-*/*(^)r(t). 

Then A[0) is the identity map, and A{—t{c)) = A'. Then, we define, for x E E~^[c\ 
and -t{c) <t<0, 

{{.gt)*u,{gt)^v)g^^ = {A{t)u,A{t)v)a:. 
We often omit the subscript from (-, ■)x and from the associated norm || ■ ll^,. 

The subspace L-^(x). Let L[^{x) denote the orthogonal complement, relative to the 
inner product (■, of Li j_i{x) in Lij{x). 

Proposition 4.11. The inner product {■,-)x has the following properties: 

(a) For each x E X , the distinct eigenspaces Li{x) are orthogonal. 

(b) ForvEL',^ix)cHl^^'-\x), 

(4.30) {gt),v = e^^^^''''^v' + v", 

where v' E L[j{gtx), v" E Lij^i{gtx) , and \\v'\\ = \\v\\. Hence (since v' and v" 
are orthogonal) , 

(4.31) ||(^/*)*t;||>e^-(^'*)||^i;||. 
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(c) There exists a constant k > 1 such that for a.e. x G X and for all t > 

K^^t < \ij{x,t) < Kt. 

(d) There exists a constant k > 1 such that for a.e x G X and for allv G H^g^\x), 
and all t > 0, 

e""'*|K'|| < \\{9i)M\ < e'lt'll- 

(e) Suppose ij G A". Then, for y G 5B[x] = fl J[x] and t <0, 

Xij{x,t) = Xij{y,t). 

Proof. Suppose first that x = c, where c and E'^lc] are as in ^ Then, by construc- 
tion, (a) and (b) hold. Also, from the construction, it is clear that the inner product 
(■, ■)c induces the inner product (■, ■)ij^c on Lij{c)/ Lij_i{c). 

Now by Proposition 14.41 for x G -E^[c], P~^{x,c)Lij{x) = Lij{c), and for u,v E 
Lij{x)/Lij_i{x), {u,v)ij^^ = {P'^{x,c)u,P~^{x,c)v)ij^c- Therefore, (a), (b) and (e) 
hold for X G -E^[c], and also for x G -E'~''[c], the inner product {■,-)x induces the inner 
product (-, .J. on Lij{x)/ Lij_i{x). Now, (a),(b) and (e) hold for arbitrary x G J[c] 
since A{t) G Q. 

Let ipij : Q' — )■ M+ denote the homomorphism taking the block-conformal matrix 
Q' to the scaling part of block corresponding to Lij/Lij_i. Let ipij = tpij o tt'; then 
<^ij '■ Q — ^ IR+ is a homomorphism. 

From f l4.29p . we have, for x G E~^[c] and -t(c) < t < 0, 

log ^ij{A{t)) = -tA, + 7(t), 

where — tAj is the contribution of A"*/*^'^^ and 7(t) is the contribution of D~*^*^^^T{t). 
By Lemma [4.91 (d), we have for some Ki > 1 

(4.32) < \,< Ki 
and by Claim WJOi for all -t(c) < t < 0, 

(4.33) W{t)\=0{e) 

where e > is as in Claim 14. 10^ and the implied constant depends only on the 
symmetric space. Therefore (c) holds. 

The lower bound in (d) now follows immediately from (b) and (c). The upper 
bound in (d) follows from I^M> and IK33\f . □ 

Lemma 4.12. For every 6 > there exists a compact subset K{5) with z/(i^(5)) > 
1 — 6 and a number Ci{6) < oo such for all x G K{S) and all v on H^^\x) or 

Ci(5)-^<^^<Ci(5), 

\\v\\x,H 

where \\ • \\ is the dynamical norm defined in this subsection and \\ ■ \\y^x is the AGY 
norm. 
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Proof. Since any two norms on a finite dimensional vector space are equivalent, 
there exists a function Hq : X — )■ M"*" finite a.e. such that for all x & X and all 

So(x)"^||u||y,3; < \\v\\^ < Eo{x)\\v\\y,x- 

Since UatgnI-'^ • '^i^) < ^} is conuU in X, we can choose K{S) C X and Ci = Ci{S) 
so that So(x) < Ci{6) for x G K{S) and > (1 - S). □ 

5. Conditional Measure Lemmas 

Motivation. We use notation from §2.3[ For two (generalized) subspaces W and 
U", hd^iU', U") denote the Hausdorff distance between W n 1) and U" nB{x, 1). 
We can write 

hd^,iU+[q',],U+[q,]) = Qt{q'-q), 

where Qt : C~{q) — j- R is a map depending on g, m, and t. The map is essentially 
the composition of flowing forward for time ^, shifting by m G and then flowing 
forward again for time t. We then adjust t so that hdq^{U^[q'^,U^[q2\) ~ e, where 
e > is a priori fixed. 

In order to solve "technical difficulty 7^1" of §2.3[ it is crucial to ensure that t does 
not depend on the precise choice of q' (it can depend on g, m, t). The idea is to use 
the following trivial: 

Lemma 5.1. For any p > there is a constant c{p) with the following property: Let 
A : V ^ W be a linear map. Then there exists a proper suhspace M. <ZV such that 
for any v with \\v\\ = 1 and d{v,Ai) > p, we have 

\\A\\ > \\Av\\ > c{p)\\A\\. 

Proof of Lemma l5.ll The matrix A'^A is symmetric, so it has a complete orthogonal 
set of eigenspaces Wi, . . . , corresponding to eigenvalues /ii > /i2 > • • • /^m- Let 
M = W^. □ 

Now suppose the map Qt : C^{q) — )■ M is of the form Qtiv) = ||Qf(f)|| where 
Qt : C~{q) —J- H(g2) is a linear map, and H(g2) a vector space. This in fact happens 
in the first step of the induction where U'^ is the unipotent (and we can take 
H(g2) = W^{q2) /N). We can then choose t, depending only on g, u and such that 
the operator norm 

\mv)\\ 

\\Qt\\ = sup — -- — = e. 

vac-{q) IpII 

Then, we need to prove that we can choose q' G C^[q] such that ||g' — g|| ~ 1, q' 
avoids an a priori given set of small measure, and also q' — q is at least p away from 
the "bad subspace" Ai = M.u{(lA) of Lemma [5.11 (Actually, since we do not want 
the choice of q' to depend on the choice of m, we want to choose q' such that q' — q 
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avoids most of the subspaces J^u as m G varies over a unit box). Then, for most 
u, 

c{p)e<\\Qt{q',-q2)\\<e, 

and thus 

(5.1) c{p)e<hd,,{U^[q2],U^[q'2])<e, 

as desired. In general we do not know that map Qt is hnear, because we do not know 
the dependence of the subspace U'^{q) on q. To handle this problem, we can write 

Qt{q' -q) = A{F{q') - F{q)) 

where the map At : Cextiq)^^^ W~^{Q2) is linear (and can depend on q, u, i), and 
the measurable map F : C~[q] — )■ Cextiq]^"^^ depends only on q. (See Lemma [6171 below 
for a precise statement). The map F and the space Cext[q]^'^^ is defined in this section, 
and the linear map At = A{q, u, i, t) is defined in §6.11 

We then proceed in the same way. We choose t = f{q, u, i, e) so that || = e. (A 
crucial bilipshitz type property of the function f is proved in [|7]). In this section we 
prove Lemma 15. 2[ which roughly states that (for most q) we can choose q' G C~ [q] 
while avoiding an a priori given set of small measure, so that ||-F(5'') — -F(g)|| 1 and 
also F{q') — F(q) avoids most of a family of linear subspaces of Cextiq]^"^^ (which will 
be the "bad subspaces" of the linear maps At as u varies over U^) Then as above, 
for most u, (15. ip holds. 

The functions Pi^ and ^ and the space Cext{x) ■ Let the subspace C~{x) C 
W~{x) be the smallest such that the conditional measure i^wix) is supported on 
C-[x]. Write £-(x) = (0, 1) ® £(x), where C{x) C H\M,J:,R). 

Since u is invariant under A^, the entropy of any gt E A is positive. Therefore for 
z/-almost all x E X, C{x) ^ {0}. 

As in §4.H let Vj(x) C i/^(M, S,]R) denote the subspace corresponding to the 
(cocycle) Lyapunov exponent Aj. Let tTj : Vk+i^i{x) — )■ Vk+i^i{x) /Vk~i{x) denote the 
natural projection. 

For X e X, let Pi^x E Hom{Vk+i^i{x) /Vk-i{x), H'^{M,T.,M)) denote the unique 
linear map such that for x G Vk+i~i{x) /Vk^i{x) , Pi,x{x) G Vi(x) and Tii{Pi^x{x)) = x. 
Note that the Pi^x satisfy the following: 

(5.2) Pi^g^x = 9t <=> Pi,x <=> 9^^ , 
and 

(5.3) Pi,x{u)-Pi,y{u) eVk-^{x). 

Example. The space Vk+i/Vk is one dimensional, and corresponds to the Lyapunov 
exponent Ai = 1. If we identify it with M in the natural way then Pi^x '■ ^ H^i'i 'i 
is given by the formula 

(5.4) Pi,,(0 = (lmx)e 
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where for x = (M, u), we write Im x for the imaginary part of u. 
Let 

k 

^ : X -> ^Ham{V,+^^,{x)/n^,{x),H\M,J:,R)) 
1=1 

be given by 

= (Pi,.,...Pfc,x), 

We have 

(5.5) p-{x,y)=^{y)o^{x)-\ 

where P~{x, y) is as in §4.21 
Let 

k 

Ce.t{x) C ^Hom{%^^^,{x)|Vk-^{x)),H\M,^,m)) 

i=l 

denote the smallest linear subspace which (up to measure 0) contains the linear span 
of the vectors {^{y) — "^{x) : y G We also set 

Note that for y e Cextiy) = ^extix), and (since ^{y) - ^{x) € Cextix)) 

Cext[y] = jCext[x]. 

The space Cextix)^"^^ and the function F. For a vector space V we use the 
notation V^"^ to denote the m-fold tensor product of V with itself. U f : V ^ W 
is a linear map, we write /®™' for the induced linear map from V^"^ to W'^"^. Let 
j^m . Y _^ y(»m (jg^ote the map v — >■ w ® . . . ® f (m-times). 

Let V^"" denote 0^^^ 1/®^. li f : V ^ W is a hnear map, we write /^"* for the 
induced linear map from V^"^ to 14^'*'™ given by 

Let r be an integer to be chosen later. Let F : X C^xtix)^^ denote the diagonal 
embedding 

F{x) = ^{xf. 

Let 

CUxf^ C CeAxr 

denote the smallest linear subspace which (up to measure 0) contains the linear span 
of the vectors {F{y) — F{x) : y G We also set 

Cext[x]^'^ =F{X)+Cextixf^. 

Note that for y G W-[x], Cext[y]^'^ = Cext[x]^''^ and Cext{yY''^ = Cext{x)^'^ ■ 

In the rest of the paper, B C U'^ is a "unit box" . (The measure is assumed to be 
invariant under U^). 

To carry out the program outlined at the beginning of ^ we need the following: 
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Lemma 5.2. For every 6 > there exist constants ci{6) > 0, ei{6) > with ci{6) — t- 
and €i{6) — as 5 — j- 0, and also constants p{6) > 0, p'{S) > 0, and C{6) < oo such 
that the following holds: 

For any subset K' G X with v{K') > 1 — 5, there exists a subset K with ^{K) > 
1 — Ci(5) such that the following holds: suppose for each x & X we have a measurable 
map from B C U'^{x) to proper subspaces of Cext{x)^^\ written as u Aiuix), where 
A^„(x) is a proper subspace of Cexti^Y^'' ■ Then, for any q E K there exists q' G K' 
with 



and so that 

(5.8) d{F{q') - F{q),Mu{q)) > piS) for at least (1 - ei(5))-fraction of u E B. 

This lemma is proved in the next subsection. The proof uses almost nothing about 
the maps F or the measure u, other then the definition of Cext{x)- It may be skipped 
on first reading. 

5.1*. Proof of Lemma 15. 2i 

The measure z>^. Let D.j. = F^ {^w-{x)) denote the pushforward of u^y- under F. 
Then is a measure supported on Cexti^Y'^^ ■ (Note that for y E W~[x], Ux = t^y)- 

Lemma 5.3. For u-almost all x E X , for any e > (which is allowed to depend on 
X ), the restriction of the measure Vx the ball B{F{x), e) C Cext[x]^^'^ is not supported 
on a finite union of proper affine subspaces of Cext[x]^^y 

Outline of proof. Suppose not. Let N{x) be the minimal integer N such that 
for some e = e{x) > 0, the restriction of z>^. to B{F{x),e) is supported on affine 
subspaces. Note that in view of fl5.2p and 05.31) . the induced action on C^xt (and 
hence on C^j]i) of g^t for t > is expanding. Then N{x) is invariant under g_t^ 
t > 0. This implies that N{x) is constant for i/-almost all x, and also that the only 
affine subspaces of Cext[x]^^^ which contribute to A^(-) pass through F{x). Then, 
N{x) > 1 almost everywhere is impossible. Indeed, suppose N{x) = k a.e., then pick 
y near x such that F{y) is in one of the affine subspaces through F{x); then there 
must be exactly k affine subspaces of non-zero measure passing though F{y), but 
then at most one of them passes through F{x). Thus, the measure restricted to a 
neighborhood of F{x) gives positive weight to at least k + 1 subspaces, contradicting 
our assumption. Thus, we must have N{x) = 1 almost everywhere; but then (after 
flowing by g-t for sufficiently large t > 0) we see that for almost all x, i>x is supported 
on a proper subspace of £ext[^]^^^ passing through x, which contradicts the definition 



(5.6) 



p'i5)<d{q,q')<l 



and 



(5.7) 



pi5)<\\Fiq')-Fiq)\\y<Ci5) 



of CextixY"-^. 



□ 
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Remark. Besides Lemma I5.3[ the rest of the proof of Lemma 15.21 uses only the 
measurabihty of the map F. 

The measure v^. Let denote the intersection of the fundamental domain 

with We choose finitely many relatively open disjoint sets Bi C iy~[a;] each 

of diameter at most 1, so that their union is conuU in Let B[x\ denote the 

set Bi containing x. 

Let = -F*(z^H/-(a;)l-B[a;]); i-G. z^x is the pushforward under F of the restriction of 
^VK-(x) to B[x]. Then, for y G B[x], Ux = Oy. Suppose 5 > is given. Since 



lim i'x{B{F{x),C)) = Ux{Cext[x 

C— i-oo 



(r)^ 



there exists a function c{x) > finite almost everywhere such that for almost all x, 

i)x{B{F{x),c{x))) > {1 - 6'/')0x{Ce.t[x]^^^) 

Therefore, we can find C = C{6) > and a compact set K'^ with y{K'^) > 1 — 5^/^ 
such that for each x & K'^, 

(5.9) UB{F{x), C)) > (1 - 5^'^)ux{C,xt[xf^) for all x G K',. 
In the rest of §5.1*[ C will refer to the constant of (15. 9p . 

Lemma 5.4. For every rj > and every N > there exists f3i = I3i{t],N) > 0, 
Pi = PiiVy N) > and a compact subset Kr^^N of measure at least 1 — rj such that for 
all X G Kn^N, and any proper subspaces A^i(x), . . . ,AiN{x) C Cext{xY^\ 

N 

(5.10) z>,(5(F(x),C) \ |jNbhd(7Wfc(x),pi)) > f3^0x{BiF{x),C)). 

k=l 

Outline of Proof. By Lemma [531 there exist f3x = (3xiN) > and px = Px{N) > 
such that for any subspaces A^i(x), . . . A^iv(x) C Cext{xY'^\ 

N 

(5.11) i)x{B{F{x),C)\[jmMiM{x),px)) > f3xi>x{B{F{x),C)). 

k=l 

Let E{pi, /3i) be the set of x such that flSTTOD holds. By fISlTD . 

/ \ 

u [jEip,(3) =1. 

Vi>0 / 

Therefore, we can choose pi > and /3i > such that iy{E{pi, f3i)) > 1 — 77. □ 
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Lemma 5.5. For every rj > and every ei > there exists f3 = /3(?7, ei) > 0, a 
compact set = K^{ei) of measure at least l — t], and p = p{ri, ei) > such that the 
following holds: Suppose for each u E B let A^„(x) be a proper subspace of Cext{x)^^\ 
Let 

Egood[x] = {v G B{F{x),C) : for at least (1 — ei)-fraction of u in B, 

d{v-F{x),Mu{x)) >p/2}. 

Then, for x E Kn, 

(5.12) Px{Egood[x]) > PMB{F{x), C)). 

Proof. Let n = dim £ext [2;] • By considering determinants, it is easy to show 
that there exists a constant Cn = c„(C) > depending on n and C such that if 
Vi, . . . ,Vn are points in a ball of radius C such that Vn is not within rj of the subspace 
spanned by t'l, . . . , Vn-i, then vi, . . . ,Vn are not within c„?7 of any n — 1 dimensional 
subspace. Let kmax ^ N denote the smallest integer greater then 1 + 2(n — l)/ei, 

and let = A^(ei) = (^^"^^^ij ■ /^i' Pi K^j^n be as in Lemma 15.41 Let 

13 = /3(77,ei) = /3i(?7, A^(ei)), p = p(?7,ei) = pi(?7, A^(ei))/cn, i^r,(ei) = K^,N{ei)- Let 
Ebad{x) = B{F{x), C) \ Egood{x). To simplify notation, we choose coordinates so that 
F{x) = 0. We claim that Ebad{x) is contained in the union of the pi-neighborhoods 
of at most subspaces. Suppose this is not true. Then, for 1 < A; < k^ax we can 
inductively pick points Vi, . . . ,Vk G Ei,ad{x) such that Vj is not within pi of any of 
the subspaces spanned by Uji, . . . ,Vi^_-^ where ii < ■ ■ ■ < in < j ■ Then, any n — 1- 
tuple of points Wj^, . . . , is not contained within p = c„pi of a single subspace. 
Now, since Vi G Ef,ad{x), there exists Ui E B with \Ui\ > ei such that for all u E Ui, 
d{vi, Mu) < p/2. We now claim that for any 1 < zi < Z2 < ■ ■ ■ < ^n-i < k, 

(5.13) f/nn...f/,„ 



Indeed, suppose u belongs to the intersection. Then each of the Vi^^, . . . f is within 
p/2 of the single subspace Aiu, but this contradicts the choice of the Vi. This proves 
(157[3|) . Now, 



eik 

max 



i=l 



<{n- 1)\B\ < 2[n - 1). 



^raax 

This is a contradiction, since kmax > 1 + 2{n — l)/ei. This proves the claim. Now 
fl5.10p implies that 

N 

Vx[^^ ' ]] ~_ \[^[^[ ],^]\ 

k=l 

□ 



UEgoodix)) > 0,{B{F{x),C) \ |jNbhd(7Wfc(x),p)) > f30,{B{F{x),C)). 
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Proof of Lemma 15.21 Let 

K" = {xeX : Uw-i.){K'nB[x])>{l-6'/')uw-i.){B[x]). 
Thus, for X G K", 

(5.14) UF{K")) > (1 - 6'/')i),{C,,,[xp). 

Then, for almost all x, uw-{x){{K"Y) < uw-{x){{K'Y)6~^/\ hence iy{{K"y) < 6~^/^u{{K 
5^1^. Hence, p{K") > 1 - 5^2. 

Let /3(?7,ei) be as in Lemma 13751 Let 

c(5) =min(5,inf{(r/2 + e?)i/2 : (3{ri, ei) > 85'/^}). 

We have c{6) — )■ as 5 — 0. By the definition of c{6) we can choose r] = ri{6) < c{S) 
and ei = ei{6) < c{6) so that /3(?7,ei) > 85^/^. 

Now suppose X e K" nK'g. Then, by (jEH]) and fl5l4l) . 

(5.15) i>.(F(jr) n 5(F(x), C)) > (1 - 45i/2)^^(5(^(^)^ c*)). 
By dsn, for X G i^^, 

(5.16) O^iEgoodix)) > 85^'H^{B{F{x), C)). 

Let K = K"nK'sn K^. We have iy{K) > 1 - 25^2 _ c{6), so i^(ir) ^ 1 as 5 ^ 0. 
Also, if qeK, by flSTTSD and flSTTej) . 

F(i^')nE,„„,(g)n5(F(x),C)^0. 

Thus, we can choose g' G 5[g]nF(i^') such that F{q') G n5(F(g), C)). Then 

(15. 8 p holds with p = p{rj{S), ei{S)) > 0. Also the upper bound in (15. 6p holds since B[x] 
has diameter at most 1, and the upper bound in (15.70 holds since F{q') G B{F{q), C). 
Since all M.u{q) contain the origin g, the lower bound in (15.70 follows from (15. 8p . 
Finally, the lower bound in (15. 6p follows from combining the lower bound in (15.71) 
with ([53]). □ 

6. Divergence of Generalized Subspaces. 

The groups Q and Q^. Let Q{x) denote the affine group of i.e. the group 

of affine maps from to itself. Let Q{x) denote the group of linear maps from 

W^{x) to itself which preserve the ffag {0} C Vi{x) C • ■ ■ C Vn{x) = W^{x), and 
let Q+{x) C Q{x) denote the unipotent subgroup of maps which are the identity on 
Vi+i{x)/Vi{x). Let G+{x) denote the subgroup of Q{x) of affine maps in which the 
linear part lies in Q+{x). Then, in view of Lemma [4.1] for y G Q{y) = Q{x), 

Qiy) = Q{x), Q+{y) = Q+{x) and G+{y) = G+{x). Also, Q{x) is the stabilizer of x 
in g+{x). 

We denote by Lie(^_|_)(x) the Lie algebra of g+{x), etc. 
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We will often identify W^{x) with the translational part of the Lie algebra Lie(^+)(x). 
Then, we have an exponential map exp : W^{x) — )■ G+{x), taking v G W^{x) to 
expf G Q^{x). Then, expv : — )■ is translation by v. 

Generalized subspaces. Let U'{x) C Q+{x) be a subgroup. We write 

U'[x] = {ux : ue U'{x)} 

and call U'[x] a generalized subspace. We have U'[x] C 

Standing Assumption. We are assuming that for almost every x & X there is a 
distinguished subgroup U'^i^x) of G+{x) so that the conditional measure of u along 
[/"•"[x] is induced from the Haar measure on U^{x). We are also assuming that the 
foliation whose leaves are sets of the form [x] is invariant under the geodesic flow. 

Warning. Suppose u G U~^{x). Then, we have f/^[Mx] = f/"'"[x]. However, since 
we are identifying W~^{x) and W~^{ux) via a translation, and not via the action of 
n G it is not always true that U^{ux) = U~^{x). Instead we have 

(6.1) W^iux) = uoU{x)u^\ 
where uq G Q-\-{x) is the linear part of n G G+{x). Thus, 

Lie(f/+)(ua;) = mq Lie(f/+)(x)no ^ 

Lyapunov subspaces. For a bundle W which is a quotient bundle of a subbundle 
of Hj^ig'^\ we let Vi{W){x) denote the Lyapunov subspaces of gt acting on W, and 
let Xi{W) denote the corresponding Lyapunov exponents. We always number the 
Lyapunov exponents so that Ai > A2 > .... > A„. Let V^i(Vr) = ©^=1 Vi{W). 

If there is no potential for confusion about which bundle W is used, we write Vi{x), 
Vi{x) and Ai instead of Vi{W){x), Vi{W){x) and Xi{W). 

Since Lie{U~^){x) and Lie(Q)(a;) are equivariant under the gt action, we have 

Lie([/+)(x) = V.(Lie([/+))(x), Lie(g)(a;) = V,(Lie(g))(x). 

i i 

The spaces Hix) and n+{x). Let nix) = Hom(Lie(f/+)(x), Lie(^+)(x)). 
For every M G we can write 

(6.2) M = ^iV% where Mij G Hom(Vj(Lie(f/+))(x), Vi(Lie(^+))(x)). 
Let 

H+{x) = {M G n{x) : Mij = if Ai < A^}. 

Then, Ti^ is the direct sum of all the positive Lyapunov subspaces of the action of gt 
on "H. 
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Parametrization of generalized subspaces. Suppose M G 'H(x) is such that 
(/ + M)\Ae{U^){x) is a subalgebra of Lie(^+)(x). We say that the pair {M,v) G 
l-L^x) X W^{x) parametrizes the generahzed subspace lA if 

W = {exp[(/ + M)M] (x + t;) : m G Lie(?7+)(x)}. 

(Thus, lA is the orbit of the subgroup exp[(J + M)lAe{U'^){x)] through the point 
X + V E W^{x).) In this case we write lA = V({M, v). 

Example 1. We give an example of a non-linear generalized subspace. Suppose for 
simplicity that has two Lyapunov exponents Ai and A2 with Ai = 2A2. Let ei(x) 
be 62(0;) be unit vectors so that Vi(W~^){x) = ei{x), and V2(W~^){x) = 62(0;). 

Let i : W~^{x) — )■ be the map sending x + aei{x) + be2{x) — )■ (a, b, 1) G M^. We 
identify W~^{x) with its image in under i. Then, we can identify 

* *\ /o 
(a:) = I 1 * , Ue{g+{x)) = 



.0 






t 








1 




1 : t G m| 
















t 






Lie(f/+(x)) = 1 







■) 


: t G m| 













Ye2(x) : te. 


M} C 









Suppose 

U+ix) -- 



Then, ?7+[x] is the parabola {x 

Transversals. Note that we have 

Ue{g+){x) = Lie(g+)(x) © W+{x) 

where we identify W~^{x) with the subspace of Lie(^+)(x) corresponding to pure 
translations. 

For each i, and each x E X, let Zn^x) C Vi(W~^){x) C Vj(Lie(^+))(x) be a linear 
subspace so that 

V,{Ue{g^)){x) = Za{x) © V,(Lie(t/+) + Lie(g))(x). 

Let Zi2{x) C Vj(Lie((5))(x) be such that 

Vi(Lie(t/+) + Lie(Q))(x) = Vi(Lie(f/+))(x) © Z,2(x). 

Let Zi{x) = Zji(x)©Zj2(x), and let Z{x) = 0. ^i(x). We say that Z{x) C Lie(^+)(x) 
is an Lyapunov- admissible transversal to Lie(f/+)(x). 
Note that Zii{x) = Z{x) n Vi{W+){x). 

Example 2. Suppose U'^{x) is as in Example L Then, 

0^ 



V2(Lie(6;+))(x) 














V2(Lie([/+))(x) = 1 







■) 


: t G m| 
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V2(Lie(Q+))(x) = , Vi{Ue{g+)) 
\0 0/ 

and Vi(Lie(f/+)) = Vi(Lie(g)) = {0}. Therefore, ^21(0;) = 

/o * o\ 

Z22ix) = Znix) = 






We note that in this example, the transveral Z was uniquely determined (and is in 
fact invariant under the flow gt). This is a consequence of the fact that we chose an 
example with simple Lyapunov spectrum, and would not be true in general. 

Parametrization adapted to a transversal. We say that the parametrization 
(M, w) G 'H(x) X W'^{x) of a generalized subspace U = U{M,v) is adapted to the 
transversal Z{x) if 

V G Z{x) n W+{x) 

and 

MueZ{x) for all M G Lie(f/+)(x). 

Lemma 6.1. Suppose the pair (M',f') G 'H+(x) x W'^{x) parametrizes a generalized 
suhspaceU. Let Z{x) be a Lyapunov- admissible transversal. Then, there exists a pair 
{M,v) which parametrizes U and is adapted to Z{x). If we write 



as in Ii6. 2\) . and 



where Vj G Vj{x), then M = ^-^^ Mij and v = ^ ■ Vi are given by formulas of the form 
(6.3) Vi = Ly,+pi{v',M') 



(6.4) M,, =L,,M;.+p,,(t;',M') 

where Li is a linear map and pi is a polynomial in the v'j and Mjj^ which depends only 
on the v'- with Xj < and the M'-^^ with Xj — Xk < Aj. Similarly, Lij is a linear map, 
and pij is a polynomial which depends on the Vj and the M'j^i with A^ — A; < Aj — A-,- . 

// we assume in addition that (M', v') is adopted to another Lyapunov- admissible 
transversal Z\x), then Lj and L^ can be taken to be invertible linear maps (depending 
only on Z{x) and Z\x) ). 
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Proof. We can choose a subspace T{x) C Lie{U~^){x), so that 

Lie(f/+)(x) + Lie(g)(x) = T{x) © Lie(g)(x). 
(In particular, if Lie(t/+)(x) n Lie(Q) = {0}, T{x) = Lie(f/+)(x).) Then, 

Lie(^+)(x) = (Z(x) n W+{x)) © T{x) © Lie(Q)(x). 
Thus, for any vector Y G Lie(^+)(x), we can write 

(6.5) Y = 7rQ{Y) + 'Kz{Y) + My), 

where TrqiY) G Lie(Q)(x), 7rz{Y) G Z{x) f] W+{x), TTxiY) G T{x). 
Let tt G T(x) be such that (in W~^{x)) 

(6.6) X + = exp[(J + M')u]{x + v') e x + Z{x) n W^{x). 
Then there exists g G Lie((5)(x), 2 G 2'(x) fl W'^{x) such that in Q+{x), 

(6.7) exp[(/ + M')-?!] exp(f ') = exp(2) exp(g). 

Write u = J^i'^i^ where ttj G Vi(Lie{U'^)){x). Also, write g = J^i^li^ where qi G 
Vi(Lie(Q))(x). We now plug in to (16. 7p . and compare terms in Vi{Q+){x). (Here we 
work with matrix entries in the group, and not the algebra). We get equations of the 
form 

Ui + v[+pi = Zi + qi, 

where Pi is a polynomial in the Uj and qj for Xj < Aj, and in the Mj^ for Xj — Xk < 
Aj. Then, the equation can be solved inductively, starting with the equation with i 
maximal (and thus Aj minimal). We get, 

Ui = -t^t{.v[ + Pi), Zi = nzWi + Pi)^ Qi = ^Q^i + Pi)^ 

where ttq, ht and hz as as in (16.51) . This shows that v = exp(2;)f' has the form given 
in (Ejj). 

Let U' = exp((J + M') Lie{U~^){x)). By our assumptions, U' is a subgroup of Q^. 
Therefore, for u as in (16.61) . 

U = U'[x + v'] = f/'exp(-(J + M')u)[x + v] = U'[x + v]. 

Hence, by (16. ip . since the linear part of exp[(J + M')u\ is expg, 

U'{x + v) = U'{exp[{I + M')u]x) = {exp q)U'{x){exp q)-\ 

Let M" = {expq)M'{expq)^^. (Note that M^'j depends only v' and on the with 
^k — ^i < ^j-) Then, (M", v) is also a parametrization of U. To make M" adapted 
to Z{x) we proceed as follows: 

For u G Lie(^+)(a;), we can write u = u" + z", where u" G Lie{U~^){x) and z" G 
Z{x). Let 7r^+ : Lie(^+) — )■ Lie{U~^) be the linear map sending u to u". Let u' G 
Lie{U~^){x) be such that u' + M"u' = u + z, where z & Z. Then, 

u' + 7i§+{M"u')) = u, 
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hence 

U' = {I + TT§+ O M")-\. 

Let 

(6.8) M = {I + M"){I + 'K§+oM"y^ -I. 

Then for all u G Lie(?7+)(x), Mu = {I + M)u - u = {I + M")u' -u e Z{x). Thus 
(M,w) is adapted to Z{x). Since M" G H+{x), 

where M^j G Hom(Vj(Lie(t/'^)), Vi(Lie(^+)). Since Z{x) is a Lyapunov-admissible 
transversal, 7r^+ takes Vj(Lie(^+)) to Vj(Lie(W"'")). Therefore, 

7r^+ o M(; G Hom(V,(Lie(f/+)), V.(Lie(f/+)). 

Thus, 7r^+ o M" is nilpotent. Then ([62D follows form ([63]). □ 

The map . Suppose Z is a Lyapunov-admissible transversal to U^{x). Then, let 
: n+ix) X W+{x) V.+ {x) X W+{x) be given by 

where M' and v' are given by (16.41) and (16. 3p respectively. Note that is a polyno- 
mial, but is not a linear map in the entries of M' and v' . To deal with the non-linearity, 
we work with certain tensor product spaces defined below. 

Tensor Products: the spaces H, H and the maps j. As in ^ for a vector space 
V and a map / : V ^ we use the notations V"®™, V"^™, /®™, /^™, j®"', j^™. 

Let m be the number of distinct Lyapunov exponents on 1-1+ , and let n be the 
number of distinct Lyapunov exponents on . Let (a; /3) = (ai, . . . , a^; . . . , 
be a multi-index, and let 

m n 

H(a;/3)(a;) = (g)(?/+(x) n Vi(x))®"» ® (2)(Vr+(x) n Vi(x))®'^^ 
i=i j=i 

and let 

m n 

H(x)("'^)(x) = (g)7^+(x)®"' ® (g)iy+(x)®''\ 

i=i i=i 

We have a natural map vr*^"'^^ : H'^°'^^(x) — )■ H*^"''')(x) given by 
7r('^'^)(Fi ® . . . ® F„ ® (F/) ® . . . ® (F^)) = 

= nr\Y,) ® . . . ® 7rr'"(i;.) ® (vrO^'^HnO ® . . . ® «)^^"(i;:), 
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where VTj : T-L+i^x) — > Vj('H+)(x) and vr^- : W~^{x) — )■ Vj{W~^){x) are the natural 
projections associated to the direct sum decompositions 'H~^{x) = Vi(iJ^)(x) 
and W+{x) = ®%^Vj{W+){x). 

Let 5 be a finite collection of multi-indices (chosen in Lemma [6.21 below). Then, 

let 

U{x)= U{x)= H("^'^) 

Let : H(x) — )■ H(a;) be the linear map with coincides with 7r(°;/3) on each H*^"'"^ 
Let : n+ix) X W+{x) H('^'^)(x) be the "diagonal embedding" 

j("'^)(M, v) = M'S)M...<S)M'S)V'S)...'S)v, 

and let j : 'H+{x) x — )■ H(x) be the linear map j''"'^''- -'^^^ 

j : H+{x) X ^ H(x) 

denote vr o j. Note that the image of j spans H(x) and the image of j spans H(x). 

Induced linear maps on H(x) and H(a;). Suppose Ft : — ?■ Ti+ly) and 
F/ : — 7- W~^{y) are linear maps. Let ft = {Ft,F[). Then, ft induces a linear 
map ft : H(x) — )■ H(y). If Ft sends each Vi('H+)(x) to each Vj('H+)(y) and sends 
each Vj{W^){x) to Vj(iy+)(|/), then ft also induces a linear map : H(a;) — )■ H(2/). 

Note that H(x) C H(x) C H^Mg'^\x) where iY^^^x) is as in P 

Notation. For a map A : W+{x) W+{y), let A, : Lie(^+)(x) ^ Lie(^+)(y) 
denote the map 

(6.9) A^{Y) = AoYio + A0Y2 

where for Y G Lie(^+)(x), Yi is the linear part of Y and Y2 is the pure translation 
part. 

The map u^. Suppose u G U~^{x). Let : 'H+{x) x l^+(x) — )• 'H+(mx) x 14^+(mx) 
denote the map 

(6.10) M*(M,t;) = {M o P+{ux,x)„exp{{I + M)Y){x + v) -exp(F)a;), 

where Y = logu and we are using (16. 9p to define P^(mx,x)*. We claim that if 
{M,v) G 'H+(x) X H^+(x) parametrizes generalized subspace U, then m*(M, t>) G 
'Hj^{ux) X iy"'"(ux) parametrizes the same subspace W. Indeed, by Proposition 14. 4t 

P+(MX,x),Lie(f/+)(Mx) = Lie(t/+)(x), 

and furthermore, P"''(ux, a;)*Vj(Lie(f/"''))(nx) = Vj(Lie([/"^))(x). Also, 

exp((/ + M)F)(x + v)eU = U{M, v). 

Therefore, since exp(y)x = ux, 

ux + (exp((/ + M)Y){x + v)- exp(F)x) G U. 
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Thus, u^{M,v) G l-L+{ux) x W'^iux) as defined in f l6.10p parametrizes the same 
generalized subspace lA as {M,v) G 'H+(x) x W^{x). 

Lemma 6.2. For an appropriate choice of S, the following hold: 

(a) Let Z{x) be an Lyapunov- admissible transversal to U^{x). there exists a linear 
map Sf^""^ : H(a;) -> H(x) such that for all {M,v) G n+{x) x W+{x), 

(Sf^')oj)(M,^;) = (jo5f-))(M,tO. 

(b) Suppose u G U^{x), and let Z{ux) be an admissible transversal to U^{ux). 
Then, there exists a linear map (m)* : H(x) H(mx) such that for all (M, v) G 

(H. o j)(M,^;) = (j o o n.)(M,^), 

where : x 14^+ (x) — )■ l-i^{ux) x 14^+ (ux) zs as in l{6.1(]\) . 

Proof. Part (a) formally follows from the universal property of the tensor product 
and the partial ordering in (16.31) and (16 ■4p . Instead of giving the notationally complex 
argument, we just present an example below. To prove (b), note that the equations 
coming from (16.101) . have the same form as in (16.31) and (16.41) . Thus, there exists a 
map : H(x) — > H(mx) such that m* o j = j o u^, where is as in (16.101) . Now, we 
can define (m)* : H(x) — j- H(ux) to be Sfi"'^'' o £t*, where Sfi"^'' is as in (a). □ 

Example 3. Suppose is as in Example 1 and Example 2. Let 

/O 1 0\ /O l\ /O 0\ 

F = lo 1,^1 = ,^2= 1. 
\0 00/ \0 00/ \0 00/ 

Then, V2(Lie(f/+))(x) = MF, Vi(Lie(^+))(x) = REi. Then, for M G H+{x), the 
only non-zero component is M12 G Hom(V2(Lie(f/'^))(x), Vi(Lie(^_i_))(x)), which is 
1-dimensional. Let 

^ G Hom(V2(Lie([/+))(x),Vi(Lie(e;+))(x)) 

denote the element such that \E'F = so that "H^ = R^'. 

With the choice of transversal Z given in Example 2, the equations (16.31) and (16.41) 
become: 

(6.11) vi = M[^v'^ + v[ + {v'^f, V2 = 0, M12 = M[^. 

Then we can choose 5 = {(1; 0, 0), (0; 1, 0), (0; 0, 1), (1; 0, 1), (0; (1, 0)), (0; (0, 2)), so 
that (dropping the (x)), 

u = n+® Viiw+) © V2{w+) © (n+ ® V2{w+)) © iV2{w+) © V2{w+)) 
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(Since for any vector space V, V^^ = M, we have omitted such factors in the above 
formula). Let S = Sf'''^^ Then, the hnear map S : H(x) — )■ H(x) is given by 

S(*) = ^, S(^i) = El, 8(^2) = 0, 8(^0^2) = El, S{E2®E2) = El. 

Example 4. We keep all notation from Examples 1-3. Suppose u = exp Y, where 
Y = tF. We now compute the map (m)*. 

Note that by Lemma l^?Tl we have ei{ux) = ei{x). Also note that by Example 1, at 
X, the tangent vector to [/"""[x] coincides with 62(0;). Recall that we are assuming that 
the foliation whose leaves are f/"*" [x] is invariant under the geodesic flow. This implies 
that at the point ux, the tangent vector to the parabola ?7^[x] is 62 (mx). Therefore, 

ei{ux) = ei(x), 62 (mx) = tei{x) + 62 (x). 

Therefore, 

P^{x,ux)ei{x) = ei{ux), P~^{x,ux)e2{x) = e2{ux) = tei(x) + e2(x). 



Suppose U is paramertized by (M', v'), where M' = M[2'^, v' = v[ei{x) + V2e2{x). 
Then 

/I t lt^ + M[2t\ fl t \t^\ 

exp[(/ + M')F]= 1 t , exp(F)= 1 t 

\0 I I \0 1 / 

Therefore, 

(v[+tv'2 + tM[2\ 
exp[(J + M')F](x + t;') -exp(F)x = v'^ 

\ / 

Let ^' G Hom(V2(Lie([/+))(ux), Vi(Lie(^+))(nx)) be the analogue of ^, but at the 
point ux. Then, 

u,{M' ,v') = u,{M[2^ ,v[ei{x)+v'2e2{x)) = (M(2*', (t;i + tt;^ + tM{2)ei(x)+^;^e2(x)) 

= (M(2*', {v'l + tM[2)ei{ux) + V2e2{ux)) 

Then, in view of (16. lip . [Sux^^^ o n*)(M', v') = {Mi2'^', Viei{ux) + V2e2{ux)), where 

vi = M[2v'2 + v'i+tM[2 + {v2y, V2 = 0, Mi2 = M[2. 
Then, (m)* : H(x) — > H(mx) is given by 

{u),{m) = m' + tEi, {u\{Ei) = Ei, (m),(E2) = 0, 

{u),{^ E2) = El, {u),{E2®E2) = Ei. 
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The dynamical system Gf Suppose we fix some Lyapunov-admissible transversal 
Z{x) for every x E X. Suppose (M, G T-i+ix) x W^{x) is adapted to Z{x). Let 

(6.12) Gt{M, v) = Sf}r\9t o M o g~\ {g,),v) G H+{gtx) x W^{gtx). 

Then, if W is the affine subspace parametrized by (M, v) then (M", v") = Gt{M, v) G 
l-L^^gtx) X W^{gtx) parametrizes gtW and is adapted to Z[gtx). From the definition, 
we see that 

(6.13) Gt+s = GtoGs. 
Also, it is easy to see that for {M,v) G Ti+ix) x 14^+ (x), 

(6.14) Gt{M,v) = {gt o M' o g^\ {gt),v'), where {M',v') = Sf'^^^'''\M,v). 

The bundle H(x). Suppose we are given a Lyapunov adapted transversal Z{x) at 
each X G X. Let 

H(x) = Sf(^')H(x) 

denote the image of H(x) under S^^^'l Then, if (M,t;) G n+ (x) X W^+(x) is adapted 
to Z{x), then j(M, f) G H(x). We can also consider (u)^ as defined in Lemma [6T2] (b) 
to be a map 

(u)* : H(x) H(ux). 

Lemma 6.3. 

(a) Suppose u'x = ux E U^[x] and v G H(x). Then (u)*v = (u%v. 

(b) We have gt o (n)* o ^f^^^^ = (gtug^^)^. 

Proof. It is enough to prove (a) for v = j{M,v) where {M,v) G 'Hj^{x) x W^{x). 
Let lA be the generalized subspace parametrized by (M, f). Then, (n)^,v = j(M',w') 
where (M',f') G l-i+{ux) x 1^+(mx) is the (unique) parametrization oilA adapted to 
Z[ux). But then {u')^\ is also a parametrization of W adapted to Z{ux). Therefore 
(m')*v = (m)*v. 

The proof of (b) is essentially the same. □ 

The bundle H(x) and the flow gt. Let Z{x) be an admissible transversal to U^{x) 
for every x G X. Let (gf^)* : H(x) — )■ H(x) be given by 

(6.15) {gt). = Sf/f ^) o f, where /^(M, v) = {gtoMo g-\ {gt).v), 

f( is the map induced by on H D H, {gt)* on the right-hand side is gt acting on 
W^{x), gt on the right-hand side is the natural map Lie(t/"'")(x) — )■ 'Lie{U^){gtx) , and 
Sf is as in Lemma W?2\ Then {gt)* is a linear map, and for (M, f) G 'H+(x) x 14^+ (x), 

(6.16) {gt)MM,v))=]{Gt{M,v)). 

Since Gt o Gg = Gt+s, and the linear span of j('H+(x) x W~^{x)) is H(x)d H(x), it 
follows from 06.161) that {gt)*o{gs)* = {gt+s)*- 
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Lemma 6.4. Let gt : H(x) — )■ li{gtx) and if : H(x) — > li{gtx) be as in Ii6.15\) . 

Then the Lyapunov subspaces for gt at x are the image under Sf of the Lyapunov 
subspaces of it at x, and the Lyapunov exponents of gt are those Lyapunov exponents 
of it whose Lyapunov subspace at a generic point x is not contained in the kernel of 

Proof. Let Vj(H)(x) and Vj(H)(x) denote the Lyapunov subspaces of the flow it and 
gt respectively, and let Aj denote the corresponding Lyapunov exponents. Then, for 
V G Vi(H), by the multiplicative ergodic theorem, for every e > 0, 

Taking t oo and t — oo we see that Sf'^^v G Vi(H)(x). □ 

6.1. Approximation of generalized subspaces and the map A{-, ■,■,■). 

Hausdorff distance between generalized subspaces. For x & X, and two 

generalized subspaces W and U", let hd^iU' M") denote the Hausdorff distance using 
the metric derived from || ■ ||y between W fl 1) and U" fl -B(x, 1). 

Lemma 6.5. Suppose hdx{U'^[x\,U{.M ^'v)) ^ 1- 

(a) We have for some absolute constant C > 0, 

hd^{U+[x\M{M,v)) < Cmax(||t;||y, ||M||y). 
Also if{M,v)x is adapted to Z{x), then there exists c{x) > such that 
hd^{U+[x],U{M,v)) > c{x) max(||t;||y, ||M||y). 

(b) For some ci{x) > a.e., we have 

Ci(x)||j(M,t;)||y < hd,{U+[x],UiM,v)) < Ci(x)-lj(M, t;)||y. 

Proof. Part (a) is immediate from the definitions. To see (b) note that part (a) 
implies that max(||M||y, ||f ||y) = 0(1), and thus all the higher order terms in j(M, v) 
which are polynomials in Mjj and Vj, are have size bounded by a constant multiple 
of the the size of the first order terms, i.e. by max(||M||y, ||f ||y). □ 

We will also use the following crude estimate: 

Lemma 6.6. There exists a function C{x) finite almost everywhere such that the fol- 
lowing holds: Suppose x G X, W C W^{x) andW C W'^{x) are two affine subspaces, 
and t > 0. Then, 

hdg,,{{gt)MA9t)M') < C{x)e^'hd,{U,U'), 
provided the quantity on the left is at most 1. Here, C{x) > is finite a.e. 
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Proof. This follows from the fact that the action of gt on can expand by at 
most e^*, see also Lemma [3.51 □ 

Motivation. Suppose u & B and t > is not too large. Then, for some u' E B the 
generalized subspaces U~^[gtuqi] and U~^[gtu'q[] will be nearby. These subspaces are 
not on the same leaf of (even though the leaf W~^[gtu'q[] containing U~^[gtu'q[] gets 
closer to the leaf W~^[gtuqi] containing U~^[gtuqi] as t — oo). It is convenient to find a 
way to "project" U~^[gtu'q[] to W~^[gtuqi]. In particular, we want the projection to be 
again a generalized subspace (i.e. an orbit of a subgroup of Q+{gtuqi)). We also want 
the projection to be exponentially close to the original generalized subspace [gtuq'i\- 
Furthermore, in order to carry out the program outlined in the beginning of ^ we 
want the pair {M",v") parametrizing the projection to be such that j{M",v") G 
H(gtugi) depends polynomially on P~{qi,q[). Then it will depend linearly on on 
F{q) — F{q') since any fixed degree polynomial in P~{qi,q'i) can be expressed as a 
linear function of F[q) — F[q') as long as r in the definition of CgxtilY^^ is chosen 
large enough. 

More precisely, we need the following: 

Lemma 6.7. We can choose r and s sufficiently large (depending only on the Lya- 
punov spectrum) so that there exists a linear map A{qi,u, £,t) : Cext{<iY^^ ~^ Hidtuqi) 
satisfying the equivariance property 

(6.17) A{qi,u,£ + £',t + t') = gt' oA{quU,i,t) o g^,. 

and functions Ci : X — M and C2 : X — )■ M finite almost everywhere such that 
the following holds: Suppose 6 > 0, and i is sufficiently large depending on 6. Let 
q = g-^eqi (see FigureU\). For all u E B, any q' G W^'fg] satisfying \5.(^) and {5.1), 
and any t > such that there exists u' G 2B with 

(6.18) hdg,^g,{U+[gtuq^],U+[gtu'q[]) < 1, 
where q[ = geq' , we have 

(6.19) hdg,^,,{U+[gtu'q[lU{M",v")) < Ci{qi)C2{uq{)e-'''' 

where ai > depends only on s and the Lyapunov spectrum, U{M",v") C W'^{gtuqi) 
is the affine subspace parametrized by {M",v"), and {M",v") are such that 

(6.20) A{quuJ,t){F{q') - F{q)) =j(M",t;"), 
Hence, 

(6.21) C{gtuq^)-' \\A{qi, u, i, t){F{q') - F(g)) ||y < 

< hdg,^,,iU+[gtuq,],U+[gtu'q[]) < Cigtuq,)\\Aiqi,u, i,t){F{q') - Fiq))\\y, 

where C : X ^ is finite a.e. 
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Lemma ET] is proved by constructing a linear map : W^{u'qi) W'^{uqi) with 
nice properties; then the approximating subspace U{M", v") is given by gtPsU^[u'q'^. 
The construction is technical, and is postponed to §6.2*1 Then, Lemma [6.71 is proved 
in §6.3*1 From the proof, we will also deduce the following lemma (which will be used 
in gni): 

Lemma 6.8. For every 5 > there exists a compact set K with v{K) > 1 — 5 so 
that the following holds: Suppose q E K , i > is sufficiently large depending on 5, 
and suppose q' G P\K is such that ([57^ and ( [5. 7p hold. Let qi = geq, q'l = geq' 

(see Figure\^. Fix u G t/'^fgi], and suppose t > is such that there exists u' G 2B 
so that 

hdg,u,AU^[9tuqilU+[gtu'q[]) < e < L 
Furthermore, suppose qi, q'-^, gtuqi and gtu'q'i all belong to K . Let 

At = U+[gtuq^]f\B{gtuqi,l) 

A', = U+[gtu'q[]nB{gtuq,,l) 

Then, 

K~^\g_tM < \g-tA[\ < K\g^tAl 
where k depends only on the Lyapunov spectrum. Also, 

hd{g.tAt,g-.tA[)<e-''\ 

where hd{-, ■) denotes the Hausdorff distance, and a depends only on the Lyapunov 
spectrum. 

This lemma will also be proved in §6.3*1 Finally, we state and prove Proposition [6]9] 
which tells us when the inductive procedure outlined in §2.31 stops. 
Recall the notational conventions (12. 2p . 

Proposition 6.9. For any i > we have \\A{qi, u, i, t)||y -^^ oo as t ^ oo for almost 
all qi E X and u E U, unless C{qi) C U{qi) for almost all qi. (Here we identify the 
linear subspace C{qi) with the group of translations by vectors in this subspace). 

The proof of Proposition 16.91 will rely on the following 

Lemma 6.10. Let hf denote the automprphism of the affine group Q+{x) which is 
the identity on the linear part and multiplication by e^* on the translational part. Let 
U^{x) be any subgroup ofQ^{x). Then, 

(6.22) f]{htU^h;')[x] = Unx], 

where U2{x) is the intersection ofU^{x) with the pure translations in Qj^{x). 
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Proof of Lemma 16.101 Let L denote the left-hand-side of f l6.22p . Let 

u={Y e Ue{U+){x) : (exp Y)x G L}. 

Then, for all t, {ht)^u = u, where (/it)* denotes the adjoint action of ht on Lie(^+)(a;), 
which is in this case the identity on the linear part, and multiplication by e^* on 
the pure translation part. Suppose Y E u. We can write Y = Yi + Y2, where 
Yi G Lie{Q+){x) is the linear part and Y2 is a pure translation. Then, for all t, 
Yi + e^'Y2 G u C Lie([/+)(x). Therefore, Y2 G Ue{Ut){x). Thus, 

u C Lie(?7+)(x) + Lie(f/2+)(x), 

where U^{x) = U^{x) nQ+(x) denotes the linear part of U'^{x). Note that U2{x) is 
a normal subgroup of U^{x), and thus, expu C U2{x)Ui{x). Since Ui{x) fixes the 
origin x, we have 

L = (expu)[x] C U^U^[x] = U^[x]. 

Conversely, it is clear that U2[x] C L (since U2[x] is a linear subspace and is thus 
invariant under dilations). □ 

Proof of Proposition l679l Let L^[q] C VT^Iq'] denote the smallest real-algebraic 
subset containing, for some e > 0, the intersection of the ball of radius 1 with the 
support of the measure i^w-(q), which is the conditional measure of z/ along 14^~[g]. 
Then, L~[q] is (^t-equivariant. Since the action of g-t is expanding along we 
see that for almost all q and any e > 0, L~[q] is the smallest real-algebraic subset of 
W~{q) such that L~[q] contains E^[q], where E~[q] = support (z/iy- (5)) ^B{q,e). Let 
Eriq) = E-[q] - q, L-{q) = L-[q] - q. 

Fix gi G X and suppose ||^(gi, u, £, t)||y is bounded as a function of t for almost 
all u E U. By Lemma 16. 7^ this implies that for some e > and for every q[ G E~ [qi] , 

(6.23) ^wHiMU^Wi]) C U^[qi], 

where for x near qi, 7riy+(g^)(a;) is the unique point in fl y4iy~[x]. 

Let 7r+ : W{x) W~^{x) and 7i~ -.W^x)^ W~{x) denote the maps 

jT+{v) = (1, 0) ® V, n;^{v) = (0, 1) ® n;^{v), 

where vr" is as in (jO])- Let = (^J C N C SL{2,R). 

Claim 6.11. Suppose q[ G Then, we have 

T^W+ig^Mq'i) = qi + (1, 0) ® t{l + ct)-\n-)-\q[ - q^), 
where c = p{v) A p^Im qi) . 

Proof of Claim. Since q[ G VT'ig'i], we can write q[ = qi + (0,1) ® v, where 
V A Re gi = 0. Then, 

ntq[ = (1, 0) ® (Re qi + t(Im qi + v)) + (0, 1) ® (Im qi+v). 
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Let 

w = V + ct{l + ct)~^lm qi. 
Then, p{w) A p{Re {ritqi)) = 0, and thus, (0, 1) ® w G W'~{ntqi). Therefore, 

ritqi - w = (1, 0) ® (Re gi + t(Im gi + v)) + (0, 1) ® (1 + ct)"^Im gi E W-[ntqi]. 

We have , " ) e A. Therefore, 

\^ 1 + cty 

(6.24) (1,0) ® (1 + ct)-i(Regi +t(Imgi + tO) + (0,1) ® Imgi G Aiy-[ntgi]. 
It is easy to check that fl6.24p is in iy+[gi]. Therefore, 

^w+(gi){ntq'i) = (l,0)®(l + ct)"^(Regi+t(Imgi + i;)) + (0, l)®Imgi = 

= qi + (1, 0) ® t(l + cty\lm gi + v'), 

where v' G H]^ is such that f = cRe gi + v'. Also, 

Im gi + v' = in;j-\v) = in;J^\q[ - gi). 
This completes the proof of the claim. □ 

Proof of Proposition 16.91 continued. Suppose q[ G E~[qi\. Without loss 
of generality, we may assume that e > is small enough so that the constant c in 
Claim WAA] satisfies c < 1/2. Now choose t so that t(l+ct)~^ = 1. Since ntq'i G [/^[g^], 
IK23\f and Claim EUD imply that for all q[ G E'lqi], 

gi + (l,0)®(7r-J-i(g;-gi)Gf/+[gi]. 

Hence, 

L+[gi] = gi + (1,0) ® (7r-)-i(L-(gi)) C U+[q,]. 

Now suppose that for of gi in a set Y of positive measure, ||v4(gi, u, i, t)||y is bounded 
as a function of t. Let Q be the set such that for gi G fi, gtqi spends a positive 
proportion of the time in Y. Then, by the ergodicity of gt, is conuU. For gi G 
we have, for a positive fraction of t, 

(6.25) ^+bgi]cf/+[(^igi]. 

Let v4(a;, t) denote the Kontsevich-Zorich cocycle. Then gt acts on by e^A{x, t) and 
on W~ by e~*74(x,t). Therefore, L~{gtqi) = e~^A{x,t)L~{qi), and thus L"'"[(yffgi] = 
e~^A{x,t)L~^[gtqi]. Also, we have U~^[gtqi] = e'^A{x,t)U~^[qi]. Thus, for a positive 
measure set of t, we have 

(6.26) L+[gi] C e''U+[q,] = {htU+h;')[q,], 

where ht is as in Lemma 16.101 (In the derivation of fl6.26p we were careless with the 
5*17(2, R) orbit direction, but this does not matter since contains A^). Since both 
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sides of f l6.26p depend analytically on t, we see that fl6.26p holds for all t. Then, by 
Lemma Eini L+[qi] C U^[qi]. Thus, 

gi + (1, 0) ® 7r-\E:iq,)) C L+[q,] C U+[qi] 

Since f/2^[g'i] is an affine subspace and C^{qi) is the smallest subspace containing 
E~{qi) it follows that 

gi + (1,0) ® 7r-i(£-(gi)) C C f/^^fgi]. 

Thus, for almost all qi, C{qi) C U{qi). □ 

6.2*. Construction of the map A{qi,u, i,t). 

Motivation. To construct the generalized subspace U = U{M",v") of Lemma [6.71 
we will construct a linear map Ps{uqi,q[) : W~^{uqi) — )■ iy"'"(7ri4/+(g^)(ugi)), and let 
U = Ps{uqi,q[)~^U^[q[]. We want Ps{uqi,q[) to have the following properties: 

(PI) Ps{uqi,q[) depends only on W~^[q[], i.e. for 2; G W~^[q[], Ps{uqi, z) = Ps{uqi,q[). 
(P2) \\Ps{gtuqugtu'q[)-^ - I\\y = 0{e-^) for alH > such that (16181) holds. 
(P3) The (entries of the matrix) Ps{gtuqi,q[) are polynomials of degree at most s 

in (the entries of the matrix) P~{qi,q[). 
(P4) The generalized subspace U = Ps{uqi,q[)~^U^[q[] can be parametrized by 

{M",v") G H+iuqi) X W~^{uqi) (and not by an element of H{uqi) x W~^{uqi). 

The construction will take place in several steps. 

The map P{x, y). There exists a set K of full measure such that each point x in K 
is Lyapunov-regular with respect to the bundle W~^, i.e. 

W+ix) = ^V,ix), 

i 

where Vj(x) = Vi{W^){x) are the Lyapunov subspaces, and the multiplicative ergodic 
theorem holds. We have the flag 

(6.27) {0} C ^1(0:) C ■ ■ ■ C Vn{x) = W+{x), 

where Vj{x) = 0i=iVi(a;). Note that if y G is also Lyapunov-regular, then 

the flag (16.271) at y agrees with the flag at x. Thus, we may define f l6.27p at any point 
X such that contains a regular point. 

We have, for each i, 

n 

(6.28) W+{x) = V,{y) © V,{x). 

j=i+i 

Let Pi : Vj(x) — )■ W'^{7iyy+(^y-^(^x)) be the map taking v G Vj(x) to its Vi{y) component 
under the decomposition (16.281) . Let P{x,y) : W~^{x) W~^{TTw+{y)ix)) be the linear 
map which agrees with Pj on each Vi{x). (By our conventions, P{x, y) takes the origin 
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X of W^{x) to vrv(/+(y)(x), where, as in the proof of Proposition 16.91 'nw+{y){.^) is the 
unique point in IV''' [|/] fl 74Vr~[a;].) 
We have 

(6.29) P[gtX,gty) = gtP{x,y), 
and 

(6.30) P{x,y)V,{x) = Vi{y). 

The following lemma essentially states that the map P{uqi, q[) has properties (PI) 
and (P2). 



Lemma 6.12. Suppose q, g', I, t, u and u' are as in Lemma \6. 7\ (Note that 
U^lgt'u'q'i] = gtU^[u'q[] is locally independent of u' G U~^{q'i).). 

LetU = P{uqi,q[)^^{U^[q[]). ThenlA C W'^{qi) is an generalized affine subspace, 
and 

hdg,^,,{gM,U^[gtu'q[]) < C{q,)C{uq,)e-^^'+'\ 

where a > depends only on the Lyapunov spectrum, and C : X ^ M"^ is finite 
almost everywhere. 

Proof. In this proof, we write Vi{x) for Vi{W^){x) and Vi{x) for Vi{W^){x). Let 
ao = min|Aj — \j\ (where the Aj are the Lyapunov exponents for W^). Choose 
< e < ao/100. We first assume that gtx e K where v^K) > 1 — e/2 and also 

(6.31) d{Vi{x),Vj{x))> a 

for al\ X E K and all i ^ j, and a > depends only on v and e. We claim that in 
view of (15. 7p . for sufficiently large I (depending on 5), 

(6.32) diVMi). VM'i)) < Ci(g)e-(""-^)^. 

Indeed, by Lemma W7[\ we can make a basis for Vi{q'^ consisting of vectors of the form 
+ Y.J>^v'p where e Vi(gi), v'^ G V,(gi). By mW < C{6)\\v,\\y. Then, by 

the multiplicative ergodic theorem, we may write 

= h W 

\\9t{vi + Y.j>iV'j)\\Y WgtViWv 

where 

Iklly < Ci(g)C(5)e-(^^-^^+^)^ < Ci(g)C(5)e-("°-^)^. 

This proves fl6.32p . Since Viiuqi) = Vi{qi) and Vi{u'q[) = Vi{q[), we have, in view of 
fl6.32p and after applying the same argument, 

(6.33) d{V,{gtuqi),V,{gtu'q[) < Ci(g)C2(ixgi)e-("°-^)^e-("°-^)*. 
Then, by fl6.3ip . f l6.33p . and the definition of P{x, y), 

(6.34) \\P{gtuqi,gtu'q[r' - I\\y < Ci(gi)C2(wgi)C(a)e-°'(^+*\ 
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where a' depends only on the Lyapunov spectrum. 

Note that U. is the orbit of a subgroup U of Q{uq\) whose Lie algebra is 

P(ngi,gi);iLie(f/+)(g;) 

(and we are using the notation f l6.9p ). By f l6.30p and the fact that Lie(f/+)(gi) G 
we have Lie(t/) G Q^^{uq\). Thus, W is a generalized subspace. 
Since f/"^[gi] is a generalized subspace, for all xi! G U^isx)^ ^"""[^i] = f^^K^Zi]- We 
have 

gM = gtP{uqi,uq[)~^U^[uq[] = P{gtuqi,gtu'q[)~^U''[gtu'q[]. 
Therefore, by ( 16.34p . 

(6.35) hdg,^,,{gM, W-lgtu'q',]) < C,{qi)C2{uqr)e-'''^'^'\ 

This proves the lemma, assuming gtuqi G K. To prove the lemma in general, note 
that for almost all x G X, by the Birkhoff ergodic theorem, for all t sufficiently large 
(depending on x), 

|{t'G [0,t] : gt'xeK}\ > {1 - e)t. 

Therefore, we for any sufficiently large t can find t' such that gt'uqi G K and t > t' > 
(1 — e)t. Now the lemma follows with a = a' — 2e from applying fl6.35p to t' instead 
of t and using Lemma 13.51 □ 

Motivation. Suppose qi E X, u E U~^{qi), q[ G In view of Lemma [6.12^ 

P{uqi,q[) has properties (PI) and (P2). We claim that it does not in general have 
the properties (P3) and (P4). 
Let 

(6.36) g(ngi; q[) = P{uq,, q[)-'p-{qu q[) o P+(ngi, gi), 
so that 

(6.37) P{uqu q[)Qiuqi; q[) = P-{qu q[)P+{uqu q,). 

Then, Q{uqi;q[) : W^{uqi) W~^{uqi) and Q{uqi; q[)Vi{uqi) = Vi{uqi), hence 
Q{uqi;q[) e Q{uqi). 

We now show how to compute P(uqi, q[) and Q{uqi; q[) in terms of P"*" = P~^{uqi, qi) 
and P~ = P~{qi,q[). In view of Lemma [4.21 P"*" is upper triangular with I's along 
the diagonal in terms of a basis adapted to Vi{uqi). Also by Lemma [4.21 applied to 
P~ instead of P^, P" is upper triangular with I's along the diagonal in terms of a 
basis adapted to Vi{qi). Therefore, since P"*" takes Vi{uqi) to Vi(gi), {P^)^^P^ P~^ is 
upper triangular with I's along the diagonal in terms of a basis adapted to Vi{uqi). 

Let P = P{uqi,q[), Q = Q{uqi;q[). Then, in view of the definition of P, P is 
lower triangular with I's along the diagonal in terms of a basis adapted to Vi{uqi) 
(and we identify W'^{q[) with W^{uqi) using the Gauss-Manin connection). Also, 
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since Q preserves the flag Vi{uqi), Q is upper triangular in terms of the basis adapted 
to Vi{uqi). Thus, (16.37P can we written as 

(6.38) PQ = P-P+ = P+{{P+)-^p-p+) 

Recall that the Gaussian elimination algorithm shows that any matrix A in neigh- 
borhood of the identity / can be written uniquely a.s A = LU where L is lower tri- 
angular with I's along the diagonal and U is upper triangular. Thus, P = P{uqi, q[) 
and Q = Q{uqi\q'i) are the L and U parts of the LU decomposition of the matrix 
A = P~{qi,q[)P~^{uqi,qi). (Note that we are given A = U'L' where U' = P+ is 
upper triangular and L' = {P~^)~^P~P~^ is lower triangular, so we are really solving 
the equation LU = U'L' for L and U). 

Since the Gaussian elimination algorithm involves division, the entries of P{uqi, q'l) 
is are rational functions of the entries of P~^{uqi, qi) and P~(gi, q'l), but not in general 
polynomials. This means that P{uqi, q'l) does not in general have property (P3). Also, 
the diagonal entries of Q{uqi; q'l) are not 1. This eventually translates to the failure 
of the property (P4). Both problems are addressed below. 

The maps Ps{uqi,q'i) and Ps{uqi,q'{). For s > 1, let Qs{uqi;q'i) be the order s 
Taylor approximation to Q{uqi;q'^), where the variables are the entries of P~{qiiq'i) 
(and u, qi and the entries of P^{uqi,qi) are considered constants). Then, Qs = 
Qsiuqi] q'^) G Qiuqi). We may write 

(6.39) Qs = D, + 

where Dg preserves all the subspaces Viiuqi) and Qs = Qs{uqi;q'i) G Q+{uqi). Let 
Ps{uqi,q'i) be defined by the relation: 

(6.40) Psiuqu q[)-^ = Qs{uq,; q[)P^{uqi, gi)-^P-(gi, q[)-\ 

Motivation. We will effectively show that for s sufficiently large, the map Ps{uqi, q'l) 
has the properties (P1),(P2), (P3) and (P4). 
We have 

Ps{uq,,q[rWU) = V^{uq,). 

As a consequence, 

Psiuqu q[)-' o Y o Psiuqu q[) G G+{uqi) for all Y G G+{q[). 

Thus, for any subalgebra L of Lie(^+)(g^), Ps{uqi,q'i)^{L) is a subalgebra of Lie(^+)(ugi), 
where Ps{uqi, q'^)~^ : Lie(^+)(gJ) -> Lie(^+)(ngi) is as in (16.91) . 

The map iu,qi,s- 

Motivation. We want iu,qi,s '■ ^^extili) '^+(^'?i) ^ W^{uqi) to be such that 

^«,,„.(^(g;)-^(gl)) = (M„y,), 
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where {Ms,Vs) G 'H+{uqi)xW^{uqi) parametrizes the approximation Ps(Mgi, g^)~^f/+[g^] 
to f/'''[gj] constructed above. Furthermore, we want iu,qi,s to be a polynomial map of 
degree at most s in the entries of ^{q'l) — ''^{qi)- 

By Proposition 14.41 (a), we have 

UeiU+M) = p-(gi,gO*(Lie(f/+)(gi)), 

where we used the notation (16.91) . Let = Ps{uqi,q[)~^U~^[q[]. We first find 
{M'g,v'g) G 'H(gi) X W~^{qi) which parametrizes U'g. Let 

v', = Ps{uquq[r'q[eU:cW^[q^]. 

Then Ug = Ug[v'g] where the subgroup f/^ of G+{qi) is such that 

UeiU:) = Psiuq,,q[);' o P~(q,^q[),(UeiU^)iq,)). 

Let 

Mi = Ps{uq,,q[):' o p-{qi,q[), - / G Hom(Lie(t/+)(gi), Lie(6;+)(gi)) = 

Then (M^,?;^) parametrizes Ui,. By f l6.40p . 

M', = Qsiuqr, q[), o P+(ugi, q^);^ - I. 

Since both Qs{uqi] q[) and P~^{uqi, qi)~^ are unipotent upper triangular, G 'H+(gi). 
Now let 

where is defined as in fl6.10l) . Then, {Ms,Vs) G Ti+^uqi) x W^{uqi) parametrizes 
as desired. Note that in view of fl6.10p . 

M, = M> p-\ux, x), = Qsiuqi, q[), - L 

where ■) is as in fl6.39p . and we are using the notation (16. 9p . Since Qs{uqi; q[) G 
Q+{uqi), Ms G n+{uqi). 

Note that by (15. 4p . we can recover qi from ^{qi). Also, since by Proposition 14.41 

(a), for q[ G W-[qi], 

(6.41) UeiU+M) = p-(gi,gO*Lie(f/+)(gi) = (^(gi) o ^(gj-^), Lie(t/+)(gi), 

we can reconstruct U'^{q[) if we know ^(gi), f/'^(gi) and ^(gi). Now let iu,qi,s ■ 
i^ext{qi) — ^ H^iuqi) X iy+(Mgi) be the map taking ^(gi) — ^(gi) to (Ms,fs). This is 
a polynomial map, since both g^ and Lie(?7"'")(g^) can be recovered from ^(g^) using 
(15. 4 p and (I6.4ip . (Note that gi is considered fixed here, so knowing ^(g^) — ^(gi) is 
equivalent to knowing ^(g^).) 

The maps {iu,qi,s)* and \u,q^,s- Since iu,q^^s ■ C-exMi) U+iuqi) x W+{uqi) is a 
polynomial map, by the universal property of the tensor product, there exists a > 
and a linear map {iu,qi,s)* '■ '^extili)^"' H+{uqi) x W^{uqi) such that 

^u,qi,s (^n,gi,s)* ^ j' 
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Furthermore, there exists r > a and a hnear map : i^exti.'ii)'^^ H(ngi) such 

that 

(6.42) j O = O j- 

Then i^^g^,^ takes F{q[) - F{qi) G CexMif to j(M^,f^) G H(ugi), where (M^,fJ is 
a parametrization of the approximation Ps{uqi; q'i)~^U~^[q[] to U~^[q[]. 

Construction of the map A{qi,u,i,t). Recall that B denotes a "unit box" in U~^. 
Suppose u E B and qi E X. Let s G N be a sufficiently large integer to be chosen 
later. (It will be chosen in Lemma [6.71 depending only on the Lyapunov spectrum). 
Let r G N be such that (16.421) holds. Suppose gi G X and u E B. For £ > and 
t > 0, let 

A{qi,u,i,t) : Cextig^iQiY''^ -> Uigtuqi), 

be given by 

Aiq, i, t) = (gt). o S2;^^^) o n o o (^,)f 

where (^f^)* : Cext{q) ^ext{geq) is given by 

{ge)*{P) =geoP°gi^- 

Then A{qi,u,i,t) is a linear map. Unraveling the definitions, we have, for P G 
^ext{g-eQi), 

(6.43) A{q^,uJ,t){r{P)) = j(G+ o S^ir^ o (z,,,^,,) o (^,).(P)) 
Thus, 

(6.44) AiquuJ,t)iFiq)-Fiq')) =j(M",t;"), 

where {M",v") G ^^{gtuqi) x iy+(ugi) is a parametrization of the approximation 
gtPsiuqi.u' q[)~^U^[u' q'i\ to f/"'"[(7tM'g^], where w'g^ G ^/'''[q'l] is such that d{gtuqi, gtu'q[) < 
1. 

6.3*. Proofs of Lemma 16.71 and Lemma 16.81 
Proof of Lemma [63 Let P = ^{q') - ^{q) G Cext{q)- Let 

-Pi = {gi)*{P) = ggoPo g~^ G Cextiqi)- 

Let 

{Ms,Vs) = iu,qi,s{Pl)- 

Let Us = Us{Ms,Vs) be the generalized affine subspace parametrized by {Ms,Vs). 
Then 

(6.45) lis = Ps{uquq[)-'U+[q[]. 
Let 

(6.46) U = P{uq,,q[r'U+[q[], = Ps{uq,, q[r'U+[q,]. 
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By Lemma [6.121 

(6.47) H*««i(^' U+[9tuq[]) = 0„,,(e""^*), 

where ai depends only on the Lyapunov spectrum. We have, in view of (15. 6p and 
(15. 7p . for £ sufficiently large depending on 5, 

(6.48) ||p-(gi,gi)-^llr = O,,(e-"^0 
where a2 depends only on the Lyapunov spectrum. Therefore, 

hd^,,{U+[uq,iU^[u'q[]) = O,,(e-"^0 

Since by the multiplicative ergodic theorem, the restriction of gt to expands by a 
factor of at least e'*'™™* in all directions, (for sufficiently large I depending on 5), the 
assumption (I6.18P implies 

(6.49) t<ad + c{uqi) 

where depends only on the Lyapunov spectrum. 

To go from Q to Qs we are doing order s Taylor expansion of the solution to (16.381) 
in the entries of P~{qi, q[) — I. Thus, by (16.481) . 

Il4(^gi;gi)-Q(«gi;gl)lly = O,„„,,(e-"^(^+i)0 

and thus, by (|Oni) . 

\\Ps{uq,,q[) - P{uq,,q[)\\y = 0,,,.,, (e'^^^^+^^O 

Then, by flCT]) . 

M,,,(W,W,) = O,„„,,(e-"^(^+i)0- 

Then, by Lemma [6.61 

(6.50) hdg,^,,{gtU,gtUs) = 0,,,„,,(e-"^(^+i)^+3*). 
Also, by dnZHD, f[636|) and fICTD . we have 

\\Q{uq,-q[)-I\\Y = 0,,,^,,{e--^'), 

and therefore 

\\Qs{uq,-q'i)-nY = 0,,,u,Ae-''''). 

Thus, 

\\Ds\\y = \\Qs{uq,-q[)-Qs{uq,-q[)\\Y = O,,(e-"^0 
Therefore, since Dg preserves all the eigenspaces Vj, and the Osceledec multiplicative 
ergodic theorem, for sufficiently small e > (depending on the Lyapunov spectrum), 

\\gtoD,og;^\\y < Ci(gi)C2(ngi,e)e""^^+^* < C,{q,)C'^{uq,)e"^^^'^'^' . 

Thus, by ([6:45|) and flCT]) . 

(6.51) hd,,^,A9tUs,9tUs) = 0^,A\\9t ° o g;'\\y) = 0,,,(e-("^/2K)_ 
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We now choose s so that a!2Q!3(s + 1) — 3 > a;2- Then, by f l6.49p . f l6.47p . (16 .50 p . and 

(ESI]), 

hdg,^g,{gtUs,U+[gtu'q[]) < Ciq,)C{uq,)e-"\ 
where a depends only on the Lyapunov spectrum. In view of (I6.44p . the pair (M", v") 
parametrizes gtUs- Therefore, (I6.20p holds. Finally, (I6.2ip holds in view of Lemma [6l6] 
(b). □ 

Proof of Lemma [6TS Let Aq = g-tAt, A'q = g-tA[. Let Ps be as in f l6^ . Let 

At = Ps{gtu'q[,gtuqi)A^. Then, 

Ao = g-tAt = Ps{u'q[,uqi)A'o. 



As in the proof of Lemma 16. 7[ we have 

\\Psiuq[,uq,) - I\\y = 0(e-"^), \\Psigtu'q[, gtuq,) - I\\y = ©(e^^^. 

Hence, \At\ is comparable to \A^\ and |y4o| is comparable to \A'q\. Thus, it it enough 
to show that |y4o| is comparable to \Ao\. 

As in the proof of Lemma 16.71 let (M", v") be the pair parametrizing gtUg = 
PsiOtu'qi, gtuqi)U'^[gtu'q[]. Let ft : Ue{U+){gtuqi) gtUs be the "parametrization" 
map 

jtiY) = exp[(/ + M")Y]{gtuq^){gtuq^ + v"). 
Similarly, let ft : ljie{U^){gtuqi) — t- U^[gtuqi\ be the exponential map 

ftiY) = exp{Y)gtuqi. 

Then, provided that e is sufficiently small, we have 

(6.52) 0.5f-\At) C ft~\At) C 2f-\At) 

Let Mo = gt^oM"ogt, vq = gi^v" . Then, gt^oftogt = /o, where /o : Lie(f/+)(ngi) 
Us is given by 

/o(F) = exp[(J + Mo)Y]{gtuqi){gtuqi + Vq). 

Similarly, g^^ ° ft ° 9t = /o; where /o : \jie{U^){uqi) — )■ [/''"[wgi] is given by the 
exponential map 

/o(F)=exp(F)Mgi. 
Then, it follows from applying gt^ to (16.521) that 

(6.53) 0.5/o"^(Ao) C f,\A,) C 2f^\A,) 

Thus, [/(^^(Ao)! is comparable to [/(^^(Ao)! = \Aq\. But, since M" G 'H+{gtuqi) and 
v" G W~^{gtuqi) are 0(e), Mq and vq are exponentially small. Therefore, the map /o 
is close to /o (and since Y is small, it is close to the identity). Therefore, |/Q~^(ylo)| is 
comparable to \Aq\. The second assertion of the Lemma also follows from (I6.53P and 
the fact that Mq and Vq are exponentially small. □ 
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7. BiLiPSHiTZ Estimates 

Let II ■ II be the norm on defined in S31 Since H C || ■ || is also 

a norm on H. We can also define a norm on Hj^-g ^ in an analogous way. Since 

^extixY'''' C Hj^^g the norm || ■ \\x is also a norm on Cext{x)''^^ ■ Let A{qi, u, i, t) = 
||^(gi, u, £, t) II where the operator norm is with respect to the dynamical norms || ■ || at 
g-iq^ and Qtuqi- In the rest of this section we assume that on a set x of full measure, 
jO,{x) ^ U{x), and then by Proposition 16.91 A{qi,u, i,t) — )■ oo as t — )■ oo. 
For e > 0, let 

'f(e)(gi, u, £) = sup{t : t > and A{qi,u, i,t) < €.} 

Note that T^^{qi,u, 0) need not be 0. 

Let A+{x,t) : H(x) — j- li{gtx) denote the action of gt on H as in f lG.lSp . Let 
s) : £S(g) C^I^tiasq) denote the action of Qs on 

Lemma 7.1. For all x, and t > 0, 

M-(?,i)ll<e^*,M+(g,t)||<e^*, 
where N is an absolute constant. Also 

(7.1) M4x,t)||>e-^ 

(7.2) M+(x,t)|| >e-"*, 

Proof. This follows immediately from Proposition 14.111 □ 

Lemma 7.2. Suppose e > 0. There exists ki > 1 (depending only on the Lyapunov 
spectrum) with the following property: For all s > 0, 

f(e)(gi,M,^ + S) > f(e){qi,U,tj + K^^S. 

Proof. Note that by (lOTll . 

A{qi,u,l + s.t + r) = A+{gtuqi,T)A{qi,u,i,t)A^{g^(i+s)qi,s). 
Let t = f(e)(gi, M, i), so that A(gi, m, £ + s, t + r) = e. Therefore, 

A(gi,M,£ + s,i: + r) < ||^+(gtMgi, r) ||y4(gi, m, t)||^_(5(_(£+^)gi, s) || < 

e\\A4qtuqi,r)\\\\A4g-(i+s)qus)\\ < ee^""°^ 

where we have used the fact that A{qi,u,i,t) = e and Lemma 17.11 If t + r = 
f(e)(q'i,u,£ + then A{qi,u,i + s,t + t) = e. It follows that Nt — as > 0, i.e. 
r > (a/A^)s. Hence, 

f(e)(gi,u,£+ s) > f(£)(gi,u,^) + {a/N)s. 
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□ 

Lemma 7.3. Suppose e > 0. There exists ^2 > 1 (depending only on the Lyapunov 
spectrum) such that for all s > 0, 

f(e)(gi,M,£+ S) < f(,)(gi,M,£) + K2S. 

Proof. We have 

A{qi,u,i,t) = A+{gt+rUqi, -r)A{qi,u, i + s,t + T)A-{g^iqi, -s). 
Let t + r = T(e)(gi, u,i + s). Then, by Lemma mi 

A{qi,u,£,t) < \\A+{qt+rUqi, ^ + s,t + T)\\A-{g-iqi, -s)\\ < 

e\\A+{qt+rUqi,-T)\\\\A4g_eqi,-s)\\ < ee-"-+^^ 

where we have used the fact that A{qi,u, i + s,t + r) = e. Since A{qi,u, i, t) = e, it 
follows that —ar + Ns > 0, i.e. r < {N/a)s. It follows that 

f(e)(gi,M,^ + s) < f(e)(gi,M,£) + {N/a)s 

□ 

Proposition 7.4. There exists k, > 1 depending only on the Lyapunov spectrum, and 
such that for qi E X , u E B, any £ > and any subset Ebad C M"^, 

(7.3) \^,){qi,u,E,ad) n [0,i]\ < ^\E,adn[0,i]\ 

(7.4) \{te [0,i] : f(,)(gi,u,t) G Ebad}\ < ^{E^adn [0,i]\. 

Proof. Let k = max(K|f ^, K2), where ki, K2 are as in Lemma [7.21 and Lemma 17.31 
Then, for fixed gi, m, f(e)(gi, m, £) is K-bilipshitz as a function of The proposition 
follows immediately. □ 

We also note the following trivial lemma: 

Lemma 7.5. Suppose P and P' are subsets o/M", and we have 

N N 

j=l j=l 

Also supposeQ C P and Q' C P' are subsets with \Q\ > {1-6)\P\, \Q'\ > {1-6)\P'\, 
and also \P'\ = \P\. Suppose for all 1 < j < N such that Pj (1 Q ^ 0. 0.5|Pj| < 
\Pj\ < 2|Pj|. Then there exists Q C Q with \Q\ > (1 — 4(5)|P| such that if j is such 
that QnPj^$ , then Q' f] Pj ^ 0. 
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Proof. Let J = {j : Pj D Q ^ 0}, and let J' = {j : Q' f] Pj ^ 0}, and let 

jeJnJ' 

Then, 

ig\gi< Yl i^n^ii^ E i^.i = 2$^|p;i<2|(goi, 

jeJ/J' jGJ/J' i^J' 

since if j ^ J' then Pj C {Q'y. Thus, |Q \Q| < 2(5|P|, and so |g| > (1 - 45)|P|. □ 

8. Preliminary Divergence Estimates 

Motivation. Suppose in the notation of §2.31 qi and q[ are fixed, but u & B varies. 
Then, as u varies, so do the points q2 and and thus the subspaces [^2] and f/+ [gg]- 
Let lA = U{M"{u), v"{u)) be the approximation to f/'''[5'2] given by Lemma I^TTl and as 
in Lemma [6171 let v(m) = }{M" (u) , v" (u)) G H(g2) be the associated vector in H(g2)- 
In this section we define a certain (yfj-equivariant and (M)*-equivariant subbundle 
E C H such that, for fixed qi, q[, for most u G v = v(m) is near E(g2) (see 

Proposition 18.51 (a) below for the precise statement). The subbunde E is the direct 
sum of subbundles Ej, where Ej is contained in the i-th Lyapunov subspace of H, 
and also each Ej is both (yf^-equivariant and (M)^,-equivariant. 

8.L The subspaces E(x). We apply the Osceledec multiplicative ergodic theorem 
to the action on H(a;) (see (16.151) ). We often drop the * and denote the action simply 

by 9t- 
Let 

{0} = Vo(x) C Vi(x) C ■ ■ ■ C V„(x) = H(x) 
denote the forward flag, and let 

{0} = Vo(x) C Vi(a:) C ■ ■ ■ C V„,(x) = H(x). 

denote the backward flag. This means that almost all x and for v G Vj(x) such that 
v^V,_i(x), 

(8.1) iimllog%^ = A,, 

and for v G Yn+i~i{x) such that v ^ V„_j(x), 

(8.2) lim i log = A, 

t^oo t V 

By e.g. \GM\ Lemma 1.5], we have for 

(8.3) H{x) =yi{x)®y^_i{x) 
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Let 

(8.4) Fj(x) = {v G H(x) : for almost all u G B{x), (m)*v G Vn-j+iiux)}, 

where (u)* is as in Lemma l6.2[ In other words, if v G Fj{x), then for almost all 

u G U^{x), 

(8.5) limsupylog||(5(t)4n)*v|| < Xj. 
From the definition of Fj{x), we have 

(8.6) {0} = Fn+iix) C F„(x) C F„_i(x) C . . . F2(x) C Fi(x) = H(x). 
Let 

Ej{x) = F,{x)nY,{x). 
In particular, Ei(x) = Vi(x). We may have Fj{x) = {0} if j ^ 1. 

Lemma 8.1. For almost all x ^ X the following holds: suppose v G Fj{x). Then for 
almost all u G B{x), 

(8.7) limsup ^log ||(5(j)^(m)4v)|| = Aj. 

r/iits, (recalling that Vj(H) denotes the subspace o/H corresponding to the Lyapunov 
exponent Xj), we have 

E,{x)cV,{H){x). 
In particular, if i ^ j , Ej(x) fl Ej(x) = {0} for almost all x & X. 

Proof. Suppose v G Ej{x). Then v G \j{x). Since in view of 08. II) . \j{ux) = 
(u)*Vj(x) for all u G f/~^(x), we have for almost all u G B{x), v G Vj(nx). It follows 
from (18.31) that (outside of a set of measure 0), v ^ V„„j(mx). Now (18. 7p follows from 

(D. □ 

Lemma 8.2. After possibly modifying Fj{x) and Fj{x) on a subset of measure of 
X , the following hold: 

(a) Fj{x) andFj{x) are gt-equivariant, i.e. {gt)^Ej{x) = Fj{gtx), and{gt)*Fj{x) = 

(b) For almost all u G U^{x), Fj{ux) = (M)*Ej(x), and Fj{ux) = {u)*Fj{x). 

Proof. Note that for t > 0, gtB[x] D B[gtx]. Therefore, (a) for the case t > 
follows immediately from the definitions of Fj{x) and Fj{x). Since the flow {gt}t>o is 
ergodic, it follows that almost everywhere (18.41) holds with B[x] replaced by arbitrary 
large balls in f/^[x]. This implies that almost everywhere, 

Fj(2;) = {v G ii{x) : for almost all u G U~^, (u)*v G V„_j+i(nx)}, 

where (m)*v is as in Lemma 16.21 Therefore (b) holds. Then, (a) for t < also 
holds. □ 
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Lemma 8.3. Suppose there exists a subset Q G X with i>[Q) = 1 with the following 
property: suppose x E Q, and v G H(x). Let 

(8.8) Q{^f) = {u e B{x) : (m),v G V„„,+i(mx).} 
Then either |Q(v)| = 0, or |Q(v)| = \B{x)\ (and thus v e Fj{x)). 

Proof. For a subspace V C H(x), let 

Q(V) = {ueBix) : (m).V C V„_,+i(mx).} 

Let d be the maximal number such that there exists E' with i^(-E") > such that 
for X e £" there exists a subspace V C H(x) of dimension d with |(5(V)| > 0. For 
a fixed x G -E", let W(x) denote the set of subspaces V of dimension d for which 
|(5(V)| > 0. Then, by the maximality of d, if V and V' are distinct elements of VV(x) 
then Q(y) n Q(V') = 0. Let V^; G >V(x) be such that |Q(V^)| is maximal (among 
elements of >V(x)). 

Let e > be arbitrary, and suppose x G E'. By Lemma I3.1H there exists to > 
and a subset (5(V^)* C Q(V^) C B{x) such that for all u G QiVx)* and all t > to, 

(8.9) \Bt{ux) n Q(V,)\ > (1 - e)|St(nx)|. 

(In other words, Q(Vx)* are "points of density" for Qiy^), relative to the "balls" 
Bf) Let 

E* = {ux : X G E', M G Q(V^)*}. 

Then, z/(E*) > 0. Let = {x G X : g^tX G infinitely often. Then z/(fi) = 1. 
Suppose X G We can choose t > to such that Sf-tx G -E*. Note that 

(8.10) B[x]=gtBt[g.tx]. 

Let x' = fif-tx, and let Yt,x = (fi't)*^^''- Then in view of f l8.9p and fl8.10p . 

(8.11) \Q{Vt,x)\>{l-e)\B{x)\ 

By the maximality of d (and assuming e < 1/2), Vj .j. does not depend on t. Hence, for 
every x G fi, there exists V C H(x) such that dimV = d and |(5(V)| > (1 — e)|;B(x)|. 
Since e > is arbitrary, for each x G f2, there exists V C H(x) with dimV = d, and 
|(5(V)| = |i3(x)|. Now the maximality of d implies that if v ^ V then |(5(v)| =0. □ 

By Lemma EH Ej{x) n Efc(x) = {0} if j ^ k. Let 

A' = {^ : E,^{0}}. 

Let 

E(x) = 0E,(x). 

Then E(x) C H(x). 
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In view of flS.Sp . ( 18 .Gp and Lemma IHTTl we have Fj{x) = Fj+i(x) unless j G A'. 
Therefore if we write the elements of A' in decreasing order as zi, . . . , we have the 
flag (consisting of distinct subspaces) 

(8.12) {0} = F,„^, C F,„(x) C F,„_,(x) C . . . F,,(x) C F,,(x) = H(x). 

For each x E X, and 1 < r < ra, let F^^(x) be the orthogonal complement (using the 
inner product (■, ■)x defined in §4.5p to Fj^.^^(a;) in Fj^(x). 

Lemma 8.4. There exists a compact A'oi C X with z/(iCoi) > 1 — 6, /3{6) > 0, and 
for every x G Kqi a subset Qoi C B{x) with \Qoi\ > (1 — (5)|i3(x)| such that for any 
j G A' any v' G F^(x) and any u G Qqi{x), we can write 

(8.13) (m)* v' = v„ + w„, v„ G Ej(mx), w„ G V„_j(mx), 
with ||v„|| > /3((5)||v'||. 

Proof. This is a corollary of Lemma 18.31 Let $ C X be the conull set where (18. 3p 
holds and where Fj(x) = Fj_|_i(x) for all i ^ A'. Suppose a; G $. 

Let F/;(x) C Fj(x) be the next subspace in the flag fl8.12p . (i.e. F^ = {0} if j is 
the maximal index in A' and otherwise we have k > j he minimal such that /c G A'.) 
Then Fj_|_i(x) = Ffc(a;). Since F^ (a;) is complimentary to Ffc(x) we have that F^(a;) 
is complementary to Fj_|_i(x). 

By Lemma 18.21 Fj is (^t-equivariant, and therefore, by the multiplicative ergodic 
theorem applied to F^, Fj is the direct sum of its Lyapunov subspaces. Therefore, in 
view of (18. 3p . for almost all ?/ G X, 

(8.14) F,(y) = (F,.(y) n Y ,{y)) ® (F,(y) n V„_,(2/)). 

Since F^(a;) C Fj(a;), we have by Lemma [821 {u)^rv' G ¥j{ux) for almost all u E B. 
By the definition of Fj^i{x), since v' ^ Fj+i(x), for almost all u if we decompose 
using flSTTip . 

(u)* v' = v„ + w„, v„ G Fj(na;) n Vj(nx), w„ G Fj(nx) fl V„_j(ua;), 

then v„ 7^ 0. Since by definition Fj{x) fl Vj(x) = Ej(x) we have v„ G Ej(x). Let 

E„(x) = {v'GPi(F'(x)) : |{wGi3(x) : ||v„|| > i||v'||}| > (1 - 5)|S(x)|}. 

Then the En{x) are an increasing family of open sets, and IJ^^i-^n(^) — IP^(F^(x)). 
Since P^(Fj(x)) is compact, there exists n{x) such that En^^^^x) = F^(F'j{x)). We can 
now choose Kqi C $ with //(ii'oi) > 1 — 5 such that for x G -f^oi; 'n.(x) <1/P{6). □ 

Proposition 8.5. For every 6 > there exists a subset K of measure at least 1—5 and 
a number ^2(5) > such that the following holds: Suppose x G ti~^{K), v G H(x). 
Then, 
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(a) For any L' > L2{S) there exists L' < t < 2L' such that for at least (1 — 6)- 
fraction of u E B{g^tx), 



^ II r r || ,E(^.n^_,x) < Ci6)e 
\\\{9s)*{u)*{g-t)*v\\ J 

where s > is such that 

(8.15) \\i9s)*{u)^{g^t)*v\\ = ||v||, 

and a depends only on the Lyapunov spectrum. 
(b) There exists e' > (depending only on the Lyapunov spectrum) and for every 
6 > a compact set K" with ^{K") > 1 — c(5) where c{5) — )■ as 5 ^ Q such 
such that the following holds: Suppose there exist arbitrarily large t > with 
g-tx G K" so that for at least (1 — S)-fraction of u E B{x), the number s > 
satisfying 118.15]) . also satisfies 

(8.16) s>{l-e')t. 
Then v G E(x). 

Proof. Let e > be smaller then one third of the difference between any two 
Lyapunov exponents for the action on H. By the Osceledec multiplicative ergodic 
theorem, there exists a compact subset Ki G X with z^(-R'i) > 1 — S/2 and L > 
such that for x E Ki and all j and all s > L, 

||(^70*v|| <e("^+^)^||v||, vG V„„,+i(x) 

and 

||(^7t)*v|| >e(^^-^)^||v||, vG V,(x). 

Let be such that for x e K^, 

\{ueB{x) : uxeKi}\>{l-6/2)\B{x)\. 

Let K" = Kqi n K*, where Kqi is as in Lemma [8.41 Let K, L2{S) be such that for all 
X E K and all L' > L2, there exists t with L' < t < 2L' and g^tx G K". Write 

(8.17) (^_,),v = 5^v;, V^eF'^ig.tx). 

jeA' 

We have g^tx G Kqi fl K^. Suppose u G Qoi and ux E Ki. Then, by Lemma [H31 we 
have 

(8.18) (m),((7_J,v = ^(v,+w,), 

where \j G Ej{g_tx), Wj G \n-jig-tx), and for all j G A', 

(8.19) ||v,||>/3(<5)||v;||>/3'(5)||w,||. 
Then, 

||(^7.)*w,|| <e(^^+^+^)^||w,||. 
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and, 

(8.20) \\{9s)*^j\\ > e(^^"'^'||vj|| > e(^^"^)'||wj||. 

Thus, for all j E A'. 

Since {gs)*^j ^ E and using part (a) of Proposition 14.11^ we get (a) of Proposi- 
tion ESI 

To prove (b), suppose v ^ E(x). We may write 



Let j be minimal such that Vj ^ Ej{x). Let A; > j be such that Ffc(x) C Fj{x) is the 
subspace preceding Fj{x) in ( ]8.12p . Then, Fj(x) = Fj{x) for k + 1 < i < j . 

Since Vj ^ Ej{x), \j must have a component in Vj(H)(x) for some i > j + 1. 
Therefore, by looking only at the component in Vi{H), we get 

||(^?-*)*v|| >C(v)e"(^^+^+^)*, 

Also since Ffc is (7requivariant, we have Ffc(x) = ©mFfc(x) fl V,n(H). Therefore, 
(again by looking only at the component in Vj(H)), we get 

Therefore, (since (5'_()*v G Fj{x)), we see that if we decompose {g-t)*^r as in (IS.lTp . 

we get 

||v;-|| > C(v)e-(^^+i+'^)*, 
We now decompose (^i)* ((?-*)* v as in (18.181) . Then, from (18.191) and (I8.20p . 

(8.21) \\igs)*^j\\ > e(^^-^)'||v,|| > e^^^-'^'(3{6)\\V-\\ > e^^^-'^'P{6)C{^r)e^^^^+'+^'^K 

If s satisfies (I8.15p . then ||(5's)*Vj|| = 0(1). Therefore, in view of (18.211) . 

e(^^-^)'e-(^^+^+2^)*<c = c(v,(5). 

Therefore, 

(A,+i + 2e)t + logc(v,^) 
(A,-e) 

Since Xj > Xj+i, this contradicts (I8.16P if e is sufficiently small and t is sufficently 
large. □ 
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9. The action of the cocycle on E 

9.1. The Jordan canonical form of the cocycle on E(a;). We consider the action 
of the cocycle on E. The Lyapunov exponents are Aj, i G A'. We note that by 
Lemma 18. 2[ the bundle E"*" admits the equivariant measurable flat [/"^-connection 
given by the maps (m)* : E(a;) — j- E(?/), where (m)* is as in Lemma [6^ This connection 
satisfles the condition ( 14. lip , since by Lemma lOl (M)*Ej(x) = Ej(i/). For each i E A, 
we have the maximal flag as in Lemma [4.31 

(9.1) {0} C Eaix) C ■ ■ ■ C E,,„,(x) = E,(x). 

Let A" denote the set of pairs ij which appear in f l9.ip . By Proposition 14.41 and 
Remark [4. 8 [ we have for u G B{x), 

Let II ■ 1 1 a: and {■,-)x denote the restriction to E of the norm and inner product on 
^big^\^) deflned in §4.51 (We will often omit the subscript from (■, ■)x and || ■ ||a;.) 
Then, the distinct Ej(x) are orthogonal. For each ij G A" let E^j(x) be the orthogonal 
complement (relative to the inner product (■, ■)x) to Eij_.i(x) in Ejj(x). 
Then, by Proposition I4.11[ we can write, for v G E^j(x), 

(9.2) (^^)^v = e^-("'V + v", 

where v' G E^j{gtx), v" G Eij^i{gtx), and ||v'|| = ||v||. Hence (since v' and v" are 
orthogonal) , 

(9.3) ||(^*)*v|| >e^-(^'*)||v||. 

In view of Proposition 14. 1 II there exists a constant n > 1 such that for a.e x E X and 
for all V G E(x) and all t > 0, 

(9.4) e'^'lvll < ||((70*v|| <e'^iv||. 

Lemma 9.1. For y = ux E B[x], the connection (n)* : E(x) — E{y) agrees with the 
restriction to E of the connection P"''(x,?/) induced from the map P~^{x,y) defined in 

Proof. Let Vi{x) and Vi{x) be as in §4.11 Consider the deflnition f l6.10p of (n)^, in 
For a flxed Y = \ogue Lie(f/+)(x) and M G Ti+ix), let h : W+{x) W+{ux) 
be given by 

h{v) = exp((J + M)Y){x + v) - exp(F)x. 
From the form of h, we see that /i(V^(x)) = Vi{ux), and also, h induces the identity 
map on Vi{x) /Vi^i{x) = Vi{ux) /Vi^i{ux) . Thus, for v G Vi(x), 

h{v) = P'^{x, ux)v + Vi-i{ux). 

This means that for v G Ej(x), 

(m)*V = P"'"(x, Mx)v + Vj_i(H)(Mx). 
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But, for V G Ei(x), (m)*v G E,j(Mx) (and thus has no component in Vj_i(H)(Mx)). 
Hence, for all v G Ej(a;), we have (n)*v = P+(a:, ua;)v. □ 

9.2. Time changes. 

The flows gl^ and the time chang t). We define the time changed flow 

g\-' so that (after the time change) the cocycle Xij (x, t) of (19. 2p becomes Ajt. We write 
g\^x = gi-.^(^x,t)X. Then, by construction, Xij{x, fij{x, t)) = Xit. We note the following: 

Lemma 9.2. Suppose y G fl J[x]. Then for any ij G A" and any t > 0, 

9%yeW^[g%x]nJ[g'l,x]. 

Proof. This follows immediately from property (e) of Proposition 13. 6[ and the 
definition of the flow g^_l^. □ 

In view of Proposition I4.1H we have 

(9.5) < \rij{x,t) -fij{x,t')\ < K\t-t'\ 
where k depends only on the Lyapunov spectrum. 

The flows gj. Suppose v G E(a;). Let g^x = gr^(x,t)X, where the time change 
fv(x,t) is chosen so that 

ll(^r)*v||gv^ = e*||v||^.. 

We transport the vector v along the flow using the action of {gt)*] this allows us to 
define g^ for all t. By (19. 4p . (19. 5 p holds for fv instead of fij. Also, Lemma 1972] still 
holds if gl'' is replaced by g^. 

9.3. The foliations J'ij, and the parallel transport R{x,y). For x E X, let 

G[x] = {gsug^tx : t > 0, s > 0, n G B{g^tx)} C X. 
For y = gsUg-tX G G[x], let 

Rix,y) = igs)*iu)^{g^t)*- 

Here (gs)* is as in (I6.15P and (n)* : E{g_tx) — )■ E{ug_tx) is as in Lemma [6.21 It is 
easy to see that R{x, y) depends only on x, y and not on the choices of t, u, s. 

In view of (19. 2p and Lemma [9.1^ we have, for v G E'-j{x), and any y = gsUg_tX G 

(9.6) R{x, y)v = e^'^^^'J'V + v" 

where v' G E-j(y), v" G Ejj_i(y), and ||v'|| = ||v||. In fl9.6p . we have 

(9.7) Xij{x, y) = Xij{x, -t) + Xij{ug_tx, s). 
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Notational convention. We sometimes use tlie notation R{x, y) when x G X 
(instead of X) and y G G[x]. Similarly, when x G X, we can think of the leaf of the 
foliation J-'ij[ subset of X (not X). 

For X G X and ij G A", let denote the set of y G G[x] such that there exists 

£ > so that 

(9.8) g%y G B[g%x] 

By Lemma 19.2^ if fl9.8l) holds for some £, it also holds for any bigger i. Alternatively, 

J^,j[x] = {g'/ug%x : i>0, ueB{g%x)}cX. 
In view of (19. 7p . it follows that 

(9.9) \ij{x,y) = if yeJ^ij[x]. 

We refer to the sets J^ij[x] as leaves. Locally, the leaf J^ij[x] through x is a piece of 
f/+[x]. More precisely, for y G J^ij[x], 

^,A^]nJ[y]cU+[y]. 

Then, for any compact subset A C -7-'jj[x] there exists i large enough so that g^l^{A) 

is contained in a set of the form B[z\ C f/'''[2;]. Then the same holds for g^j'^^lA), for 
any t > i. 

Note that the sets B[x] support a "Lebesgue measure", namely the pushforward of 
the Haar measure on U^/Q+{x) to B[x] under the map u — )■ ux. (Recall that Q+{x) 
is the stabilizer of x in the affine group ^(x)). As a consequence, the leaves J^ij[x] 
also support a Lebesgue measure (defined up to normalization), which we denote by 
I ■ I . More precisely, if A C J^ij [x] and B C J^ij [x] are compact subsets, we define 

1^1 \9%iA)\ 



(9.10) 



1^1 \9%iB)\ 



where i is chosen large enough so that both g^^^{A) and g^_l^{B) are contained in a 
set of the form B[z], 2: G X. It is clear that if we replace £ by a larger number, the 
right- hand- side of (I9.10p remains the same. 
We define the "balls" J^ij [x, i] C [x] by 

(9.11) J^,j[x,i] = {yeJ^.,[x] : g%y e B[g%x]}. 

Lemma 9.3. Suppose x G X and y G Then, fori large enough, 

TijixJ] = TijlvJ]. 

Proof. Suppose y G J^ij[x]. Then, for i large enough, gfj^^y G B[g^_lix], and then 
B[g%y] = B[g%x]. □ 

The foliations J-^. For v G E(x) we can define the foliations ^-^[x] and the "balls" 
J^y,[x,i] as in (19. Sp and (19.111) . with gj replacing the role of gl-^ . 
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For y G J-v[x], we have 



where w 



R{x,y)\. 




where w 



R{x,y)v. 



(When there is a potential for confusion about the foliation used, we denote g^g by 
d-f-) We can define the measure (up to normalization) | ■ | on J^^[x,i] as in f lQ.lOp . 
Lemma [9.31 holds for J-^N without modifications. 

10. Bounded Subspaces and synchronized exponents 

Recall that A" indexes the "fine Lyapunov spectrum" on E. In this section we 
define an equivalence relation called "synchronization" on A"; the set of equivalence 
classes is denoted by A. For each ij G A" we define a (j^requivariant and locally (u)*- 
equivariant (in the sense of Lemma l6l2] (b)) subbundle Eij^Md of the bundle Ej = Vi(E) 
so that, 



For an equivalence class [ij] G A let [ij]' denote the set of pairs kr such that kr G [ij] 
and kr' ^ [ij] for all r' > r. Finally, let 



Then, we claim that the following three propositions hold: 

Proposition 10.1. There exists 6 > depending only on v such that the following 
holds: for every (sufficiently small depending on 6) S > and every r] > 0, there 
exists a subset K = K{6, rf) of measure at least 1 — 5 and Lq = Lo{6, rj) > such that 
the following holds: Suppose v G E(x), L > Lq, and 



Then, for at least {9 / 2)"' -fraction of y E J-'v[x,L] (where n depends only on the di- 
mension), 



Proposition 10.2. There exists a function C3 : X — )■ finite almost everywhere 
so that for all x G X, for all y G J^ij[x], for all v G E[jj] ^^^(x), 



if [ij] = [ik] and j < k. 



E[ij],Md(x) = ^ Efcr,fedd(a;), 

kr£[ij]' 



^?[_i,i]A'n J-v[x,L]| > (l-(e/2)"+i)|J-v[x,L]|. 
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Proposition 10.3. There exists 6 > (depending only on u) and a subset <Z X 
with = 1 such that the following holds: 

Suppose X G V G H(x), and there exists C > such that for all i > 0, and at 
least (1 — 9) -fraction of y & J^ij[x,i], 

mx,yM<CM. 

Then, v G E[ij]^Md{x)- 

Proposition 110.11 is wliat allows us to choose u so that there exists u' such that the 
vector in H associated to the difference between the generalized subspaces U'^[gtu'q'i] 
and U~^[gtuqi] points close to a controlled direction, i.e. close to E^ij-^^hddigtUQi) ■ This 
allows us to address "Technical Problem #3" from §2.31 Then, Proposition 110.21 
and Proposition 110.31 are used in ^HTl to define and control conditional measures fij 
associated to each [ij] G A, so we can implement the outline in §2.31 We note that it 
is important for us to define a family of subspaces so that all three propositions hold. 

The number ^ > 0, the synchronization relation and the subspaces Ej^hrfrf are 
defined in §10.1*1 Also Proposition 110.11 is proved in §10.1*1 Proposition 110.21 and 
Proposition 110.31 are proved in §10.2*1 Both subsections may be skipped on first 
reading. 

Example. To completely understand the example below, it necessary to read at 
least §10.1*1 However, we include it here to give some flavor of the construction. 

Suppose we have a basis {ei{x) , e2{x) , e^i^x) , e^i^x)} for E(x), relative to which the 
cocycle has the form (for y G (^[x]): 

l(,\ii(x,y) ui2{x,y) \ 

e^i2(x,y) 

e^3i(^'^) 

\ e^«{x,j/)y 

Suppose Ei(x) = Mei(x)©Me2(x) (so ei and 62 correspond to the Lyapunov exponent 
Ai), E3(x) = Me3(x), E4(x) = 1^64(0:) (so that es and 64 correspond to the Lyapunov 
exponents A3 and A4 respectively). Therefore the Lyapunov exponents A3 and A4 have 
multiplicity 1, while Ai has multiplicity 2. 
Then, we have 

E3i,Md(a;) = Me3(x), E^i^Mdix) = Re^ix), Eu^^ddix) = Mei(x). 

(For example, if y G J^3i[x] then A3i(x,?/) = 0, so that by (19. 6p . ||-R(x, y)e3|| = ||e3||.) 

Now suppose that 31 and 41 are synchronized, but all other pairs are not syn- 
chronized. (The see Definition 110.81 for the exact definition of synchronization, but 
roughly this means that |A4i(x, y) \ is bounded as y varies over J-3i[x], but for all other 
distinct pairs ij and kl, \\ij{x,y)\ is essentially unbounded as y varies over J^ki[x]). 
Then, 

E[3i],Md(x) = Resix) © Me4(x), 



R{x,y) 
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Depending on the boundedness behavior of Ui2{x, y) as y varies over J-'i2[x] we would 
have either 

Ei2,Md(x) = {0} or Ei2,Md(x) = Me2(x). 
Since [11]' = {11} and [12]' = {12}, we have ^[iiibdd{x) = Eii^Md(x) and E[i2],Md(x) = 
Ei2,Md(a^)- 

10.1*. Bounded subspaces and synchronized exponents. For x G X, y E X, 

let 

\t\ iiy = gtx, 



p{x,y) 



oo otherwise. 



Lemma 10.4. For every rj > and 77' > there exists h = h{ri,ri') such that the 
following holds: Suppose v G Ejj(x) and 

d( j^,Eij_i{x)] > 7]'. 



Then if y E J-'v[x] and 

p{y,J'ij[x]) > h 

then 

d{R{x,y)v,Eij_i{y)) <v\\^\\- 

Proof. There exists t G M such that y' = Qty G -Fij[x]. Then 

p{y,J'ij[x]) = p{y,y') = \t\ > h. 

We have the orthogonal decomposition v = v + w, where v G Eij{x) and w G 
Ejj_i(x). Then by (19.61) we have the orthogonal decomposition. 

R{x, y')ir = e^^^^^-^'V + w', where v' G E'.-{y'), w' G Eij_i{y'). 
Since R{x,y')w G Eij_i(?/'), we have 

\\R{x,y')Yf = e2^«^(-.2'')||v||2 + \\w' + R{x,y')wf > e^^'^^^'^'^llvjp. 

By (19.91) . we have Xij{x,y') = 0. Hence, 

||-R(x,y')v|| > ||v|| > ?7'||v||. 

Since y G J>[x], y)v|| = ||v||. Since \t\ > h, we have either t > h or t < —h. If 

t < -h, then by flOD . 

||v|| = \\R{x,yM = \\{g.t).R{^,y'M > e^-''W^,y'M > e'^'Vllvll, 

which is a contradiction if h > K,log{l/r]'). Hence we may assume that t > h. We 
have, 

R{x,y)Y = e^'^(^'^V' + w" 
where v" G E^^(y) with ||v"|| = ||v||, and w" G Ej ,,_i(y). Hence, 

d{R{x,y)yr,Eij_,{y)) = e^-(^'^)||v|| < e^-(^-'^)||v||. 
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But, 

\ijix,y) = \ij{x,y') + \ij{y', -t) < -k~H 



by (19. 9p and Proposition 14.111 Therefore, 



V 



□ 



The bounded subspace. Fix ^ > 0. (We will eventually choose 6 sufficiently small 
depending only on the dimension). 

Definition 10.5. Suppose x G X. A vector v G Ejj(x) is called {6, ij)- bounded if 
there exists C < oo such that for all ^ > and for (1 — 6')-fraction of y G J^ij[x, i], 



Remark. From the definition and (19. 6p . it is clear that every vector in Eji(x) 
is (zl, 6')-bounded for every 9. Indeed, we have E'^^ = En, and Xii{x,y) = for 
y G thus for y G and v G En^x), \\R{x,y)\\\ = ||v||. 

Lemma 10.6. The linear span of the 9/n-hounded vectors in Eij{x) is a subspace 
Eij,Md(x) C Eij{x). Any vector in this subspace is 9-bounded. Also, 

(a) Eij^Md{x) is gt-equivariant, i.e. {gt)*Eij^Md{x) = Eij^Md{gtx) . 

(b) For almost all u G B{x), Eij^hdd{ux) = {u)^Eij^f,dd{x) . 

Proof. Let Ejj ^^^(x) C Ejj(x) denote the linear span of all {9/n, zj)-bounded vectors. 
If Vi, . . . , v„ are any n (^/n, zj)-bounded vectors, then there exists C > 1 such that 
for 1 — 9 fraction of y in J^ij[x, L], (110. ip holds. But then (110. ip holds (with a different 
C) for any linear combination of the Vj. This shows that any vector in Eij^Md{x) is 
{9, ij)-bounded. To show that (a) holds, suppose that v G Ejj(x) is {9/n, 'ij)-bounded, 
and t G M. In view of Lemma [8.2^ it is enough to show that v' = {gl-')^\ G Eijlgl-'x) 
is (6'/n, zj)-bounded. Let x' = g\^x. 



(10.1) 



\\R{x,y)w\\<Ch 



X 




Figure 3. Proof of Lemma 110.61 (a). 



By ([93D, there exists Ci 



[ = Ci{t) such that for all 2 G X and all w G E{z), 
Cfiwll < ||(^n*w|| <Ci||w||. 



(10.2) 
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Suppose y G J^ij[x,L\ satisfies (110. ip . Let y' = g^y. Then y' G J^ij[x']. Let v' = 
(^i^'),v. (See Figure 13). Note that 

R{x', y'y = R{y, y')R{x, y)R{x\ x)V = R{y, y')R{x, y)w 

hence by (fTOJj) . and again m?^ . 

\\R{x\y'y\\ < Ci||i?(x,y)v|| < CiC||v|| < ClC\\V\\. 

Hence, for y G J^ij[x,L\ satisfying fllO.ip . y' = g^y G J^ij[x'] satisfies 

(10.3) \\R{x\y')^^'\\ <CCl\\V\\. 

Therefore, since J^ij[g\-'x^L + t\ = gl'' J^ij[x, L], we have that for 1 — 9/n fraction of 
y' G Fij[x' ,L + t], f llO.Sp holds. Therefore, v' is (^/n, zj)-bounded. Thus, 'EiijMdix) is 
5ft-equivariant. This completes the proof of (a). Then (b) follows immediately from 
(a) and Lemma [9. 3[ □ 

Remark 10.7. Formally, from its definition, the subspace 'Eiij^Md{x) depends on the 
choice of 6. It is clear that as we decrease 6*, the subspace Ejj^Md(a^) increases. In view 
of Lemma 110.61 there exists > and m > such that for all 6 < 6q and almost all 
X G X, the dimension of Ej^ ;,^^(x) is m. We will always choose 9 <^9q. 

Synchronized Exponents. 

Definition 10.8. Suppose 6* > 0. We say that zjG A" and kr G A" are 9 -synchronized 
if the exists E G X with i^(-E') > 0, and C < oo, such that for all x G 7r~^{E), for all 
i > 0, for at least (1 — ^)-fraction of y E J^ij[x, i], we have 



Remark 10.9. By the same argument as in the proof of Lemma [10.61 (a), if ij and kr 
are ^-synchronized then we can take the set E in Definition 110.81 to have full measure. 

Remark 10.10. Clearly if ij and kr are 6'-synchronized, then they are also 9'- 
synchronized for any 9' < 9. Therefore there exists > such that if any pairs 
ij and kr are ^-synchronized for some ^ > then they are also 6'Q-synchronized. We 
will always consider 9 <^ 9'q, and will sometimes use the term "synchronized" with 
no modifier to mean ^-synchronized for 9 <^ 9'q. Then in view of Remark 110.71 and 
Remark 110. 9[ synchronization is an equivalence relation. 

If V G E(a;), we can write 
(10.4) V = ^ Vjj, where v^^ G Ejj(x), but Vj^ ^ Eij„i(x). 




In the sum, J is a finite set of pairs ij where z G A and 1 < j < Ui. Since for a fixed 
i the Ejj(x) form a flag, without loss of generality we may (and always will) assume 
that I contains at most one pair ij for each i G A. 



p{y,J^kr[x]) < C. 




ijai 
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For V G E(x), and y G J-Vfa;], let 

(10.5) H{x,y) = sup p{y,J'ij[x]). 

ijei 

Lemma 10.11. Suppose there exists a set E G X with ^{E) > 0, and C < oo 
such that for any x G E there exists v G E(x) so that for each L > 0, for at least 
(1 — 6)-fraction of y G J^v[x, L] 

H{x,y)<C. 

Then, if we write v = ^^gj Vj^ as in then all {zj'jjjg/ are synchronized, and 

also for all ij G /, Vjj G Eij^bdd{x). 

Proof. Suppose ij G / and kr G /. We have for at least (1 — 6')-fraction of y G 
J-" v[x, L], 

p{y,J'ij[x]) < C, p{y,J'kr[x]) < C. 

Let yij G J^ij[x] be such that p{y , J-'ij[x]) = p{y,yij). Similarly, let ykr G J^fcrf^:] be 
such that p{y,J^kr[x]) = p{y,ykr)- We have 

pivij^ykr) < piyij,y) + piy,ykr) < 2C. 

Note that ^^'^(J^^,[a;, L]) = g^^^,{J^ij[x, L']), where L' is chosen so that = g^l^iX, 
where the notation g is as in f l9.12p . Hence, for (1 — ^)-fraction of yij G J^ij[x,L'], 
p{yij:J^kr\x\) < 2C. This implies that ij and kr are synchronized. 

Recall that / contains at most one j for each i G A. Since y) preserves each 
Ej, and the distinct Ej are orthogonal, for all y" G G[x\, 



ij&i 



|2 



Therefore, for each ij G I, and all y" G G[x], 

||i?(x,y")v.,|| < \\R{x,y"M. 

In particular, 

\\R{x,yij)vij\\ < \\R{x,yij)v\\. 

We have for (1 — 6')-fraction of y^j G J^ij[x,L'], p{yij,y) < C, where y G J-'v(x). We 
have |/)v|| = ||v||, and hence, by (19. 4p . for (1 — 6')-fraction of y^ G J^ij[x], 

\\R{x,y,,)^r\\<C2M. 
Hence, (1 — ^)-fraction of y^j G J^ij[x, L'], 

\\R{x,yij)\ij\\ < C2||v||. 
This implies that Vjj G Eij^Mdix). □ 
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We write ij ~ kr if ij and kr are synchronized. With our choice of ^ > 0, 
synchronization is an equivalence relation, see Remark 110.101 We write [ij] = {kr : 
kr ~ ij}. Let 

E[jj],Md(x) = ^ Ekr,bdd{x). 

kre[ij] 

For V G E(x), write v = Xljje/'^O' (110.41) . Define 

height (v) = y~^(dimE)z + j 

The height is defined so it would have the following properties: 

• If V G Ejj(x) \ Ejj_i(x) and w G Ejj_i(x) then height (w) < height (v). 

• If V = Yliei^i^ ^ Ei, Vj 7^ 0, and w = Xljej'^i' '^i ^ E)^, 7^ 0, and 
also the cardinality of J is smaller then the cardinality of /, then height (w) < 
height (v). 

Let Vk{x) C E(x) denote the set of vectors of height at most k. This is a closed 
subset of E(a;). 

Lemma 10.12. For every 5 > every rj > and every Lq > 0, there exists a subset 
K G X of measure at least 1 — 6 and L" > such that for any x & K and any 
unit vector v G Vk{x) with d{'v,[j-jE[ij]^Md) > V and d{y,Vk^i{x)) > rj, there exists 
Lq < L' < L" so that for least 9-fraction of y E L'], 

Proof. Suppose C > 1 (we will choose C depending on 77). We first claim that we 
can choose K with vi^K) > 1 — 5 and L" > so that for every x G g[^i^i]K and 
every v G Vk{x) such that (i(v, [J-j E[jj] 6^^) > rj there exists < L' < L" so that for 
6'- fraction of y G J^v[x, L'], 

(10.7) H{x,y)>C. 

Indeed, let El C Vk{x) denote the set of unit vectors v G Vk{x) such that for all 
< L' < L, for at least (1 — 6')-fraction of y E J^v[x, L'], H{x, y) < C. Then, the Ei 
are closed sets which are decreasing as L increases, and by Lemma [10.111 

00 

Pi El = y E[ij],6rfrf(x). 

Let F denote subset of the unit sphere in Vk{x) which is the complement of the rj- 
neighborhood of [j-j Fjiij]fidd{x). Then the E^ are an open cover of F, and since F is 
compact, there exists L = such that F C -E£. Now for any 5 > we can choose 
L" so that L" > Lx for all x in a set K of measure at least {1 — 5). 



78 ALEX ESKIN AND MARYAM MIRZAKHANI 

Now suppose V G F. Since F C £'£//, v ^ El", hence there exists Lq < L' < L" 
(possibly depending on v) such that the fraction of y G J^^[x',L'] which satisfies 
H{x,y) > C is greater than 9. Then, (110. 7p holds. 

Now suppose (110. 7p holds. Write 

as in (Unai). Let 

w = i?(x, ?/)v, Wij = R{x, y)\ij. 

Since y G = ||v|| = 1. Let ij G / be such that the supremum in 

the definition of H{x,y) is achieved for ij. If ||wjj|| < 77 we are done, since w' = 
Ylikr^ij ^kr has smaller height than v, and (i(w, w') < rj. Hence we may assume that 
1 > llwijil > 77. 

Since d{y,Vk-i{x)) > 77, we have 

rf(vij,Ejj_i(x)) > 7/ > r]\\\i.j\\. 

where the last inequality follows from the fact that ||vy|| < 1. In particular, we have 
1> llv.,11 >r/. 

Let y' = Qty be such that y' G J^^..[x\. Then, in view of (19.41) . |t| < 6*0(^7)) and 

hence \\R{y' ,y)\\ < C'M- 

Let Ci = h{rj, rj/CQ^r])), where h{-, ■) is as in Lemma [10. 4[ If H{x, y) > Ci then by 
Lemma 110.41 applied to Vjj and y' G J-^^j [x] , 

rf(i?(x,y')v,„E,,.i(y')) < iv/C'oivm^d<v/C'oiv)- 
Then, since w^j = R{y',y)R{x,y')\ij, 

||d(w,,-,E,,_i(2/))|| < \\R{y',y)\\d{R{x,y')^^.J,E,,^^{y')) < \\R{y' ,y)\\{rj/C',{v)) < V- 

Let w^^- be the closest vector to Wj^ in Ejj_i(y), and let w' = w-^ + J2krj^ij ^ij- Then 
d(w,w') < 7] and w' G Vk~i- D 

Proof of Proposition 110.11 Recall that n is the maximal possible height of a 
vector. Let 5' = 6/n. Let r/„ = r]. Let = L„„i(5',7/„) and Kn-i = i^'„_i((5', 7/„) 
be chosen so that Lemma ri0.12l holds for k = n — 1, K = Kn-i, L" = and rj = rjn. 
Let 77„_i be chosen so that exp(A^L„_i)7/„_i < 7/„, where is as in Lemma mi We 
repeat this process until we choose Li, 7/1. Let Lq = Li. Let K = Kq n ■ ■ ■ H Kn-i- 
Then u{K) >l-6. 



Let 



E',= \yeJ^^[x,L] : d\ , Vk{y) U |J E[,,],,,,(y) ) < r/, 

ijeA 



and let 



E, = ~g.L{Ei), 
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SO Ek C B[z], where z = Q-lx. Since En = J^v[x,L], we have E'^ = B[z]. Let 
Q = g_L{.gi-i,i]K n J^v[x, L]). Then, by assumption, 

(10.8) \Q\>1- (^/2)"+\ 

By Lemma fl 0.1 21 for every point in uz G {Ek H Q) \ -Efc-i there exists a "ball" Bt[uz] 
(where t = L — L' and L' is as in Lemma 110.121) such that 

(10.9) n Bt[uz]\ > 9\Bt[uz]\. 

(When we are applying Lemma flO. 12l we do not have v G Vk but rather d{'v/\\\\\,Vk) < 
rjk] however by the choice of the ?7's and the L's this does not matter). The collec- 
tion of balls {Bt[uz]}uz£{EknQ)\Ek-i (110.91) are a cover of {Ek H Q) \ -Efc-i. These 
balls satisfy the condition of Lemma I3l9] (b): hence we may choose a pairwise disjoint 
subcoUection which still covers {Ek H Q) \ Ek-i- We get 

\Ek-i\>e\EknQ\>{e/2)\Ekl 

where we used ffnTHj) . Hence, \Eo\ > {e/2)''\B[z]\. Therefore \E'q\ > {9/2)''\J^^[x, L]\. 
Since Vq = 0, the Proposition follows from the definition of E'q. □ 

10.2*. Invariant measures on X x P^. In this subsection we prove Proposition [1021 
Recall that any bundle is measurably trivial. 

Lemma 10.13. Suppose L(x) is an invariant suhhundle or quotient bundle o/H(x). 
(In fact the arguments in this subsection apply to arbitrary vector bundles). Let jli be 
the measure on X x P'^(L) defined by 

(10.10) Hf)= I I rFl-^ f f{x,R{y,x)^)dydpo{^)dv{x) 

where po is the round measure on P^(L). Let fi£ be the measure on X x P-'^(L) defined 
by 

(10.11) fi,{f)= ! [ 1^ I ... I f{y,R{x,y)^)dydp,{^)dv{x). 
Then fie is in the same measure class as fte, and 

(10.12) < ^ < 

dpe 



where k is as in Proposition \4.11 
Proof. Let 

F{x,y)= f{x,R{y,x)\)dpo{\). 

>/pi{L) 

Then, 

(10.13) /!,(/)= / ,- ^ ... / F{x,y)dydu{x) 
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(10.14) fie{f)= [ 1^ j ... [ F{y,x)dydu{x) 

Let x' = g^l^x. Then, in view of Proposition I4.11| dv{x) < dv{x') < K,du{x) 
Then, 

-f^eif) = I \2 ,11 / F{gix',giz) dzdiy{x') < Kfle{f), 



X J I JB[x' 



and 



-M) = [ ,r2i n\ I F{gez,gix')dzdu{x') < Kfliif) 
K Jx\lS[x'\\ Jb\x'] 



Let X" consist of one point from each B[x]. We now disintegrate dv{x') = dP{x")dz' 
where x" G X", z' G B\x'\. Then, 

/ I n\ /I I / F{gex',gez)dzdu{x') = I [ F{gez' , g^z) dz' dz df3{x") 

Jx I^FJI Jb[x'] J X" J B[x"]xB[x"] 

F{giZ, giz') dz' dz df3{x") 
F{giZ, gex') dz du{x'). 



X" JB[x"]xB[x"] 

1 



X I^Ml JB[x'] 

Now ffT07[2D follows from ffTaT3|) and ffTOTTD . □ 

Lemma 10.14. Let jloo be any weak-star limit of the measures fii. Then, 

(a) We may disintegrate dfloo{x,"v) = dv{x) d\x{^), where for each x E X , A^. is 
a measure on P^(L). 

(b) For X E X and y G J^ij [x] , 

Xy = R{x,y):,Xa:, 

(where to simplify notation, we write and Xy instead of Xt^(x) o,nd A,r(i/)y'- 

(c) Let F C P^(L) he a finite union of subspaces. For rj > let 

F, = {vGP^(L) : d(v,F)>77}. 

Then, for any t G M there exists c = c{t, F) > such that 

\rxii9rFU) > cA.(F,). 

Consequently, Xx is supported on F if and only if X^ij^ is supported on g\^'F. 

(d) For almost all x E X there exist a measure ipx on P^(L) such that 

Xx = h{x)i)x 

for some h{x) G SL(L), and also for almost all y G J^ij[x], ipy = ipx (so that 
ip is constant on the leaves J^ij). 
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Proof. If /(x, v) is independent of the second variable, then it is clear from the 
definition of /i£ that fli{f) = j^fdv. This implies (a). To prove (b), note that 



where to pass from the second line to the third we used the fact that Fij [x, I] = Fij [y, I] 
for ^ large enough. This completes the proof of (b). 
To prove (c), let x' = g\^x, y' = g^^y. We have 

R{y\x') = R{x,x')R{y,x)R{y\y). 

Since ||-R(x, < c~^, where c depends on t, we have R{x , x')~^¥ C F^. Then, 

Po{v : i?(y',x')v G = po{v : R{y,x)R{y' ,y) e R{x,x')~^¥cn} 

>Po{v : i/)v e 

= PQ{R{y,y')-^w : R{y,x)wEF^} 
= ^(y,y~^)*Po{w : i?(?/,x)w G F^} 
> C2Po{w : /?(y,x)w G F^}. 

Substituting into (110. lOp completes the proof of (c). 

To prove part (d), let M. denote the space of measures on P^(L). Recall that by 
[Zi2[ Theorem 3.2.6] the orbits of the special linear group SL(L) on Ai are locally 
closed. Then, by [EJ, Theorem 2.9 (13), Theorem 2.6(5)] □ there exists a Borel cross 
section : A^/SL(L) M. Then, let tjj^ = 0(7r(A^)) where n : M ^ A^/SL(L) is 
the quotient map. □ 

We also recall the following well known Lemma of Furstenberg (see e.g. |Zi2t 
Lemma 3.2.1]): 

Lemma 10.15. Let L be a vector space, and suppose fi and v are two probability 
measures on P-'^(L). Suppose Qi G SL(L) are such that Qi ^ oo and Qifi — )■ u. Then 
the support of u is contained a union of two proper subspaces o/L. 

In particular, if the support of a measure v on P^(L) is not contained in a union 
of two proper subspaces, then the stabilizer of v in SL(L) is bounded. 

"^The "condition C" of [EJ is satisfied since SL(L) is locally compact and M. is Hausdorff. 



-R(?/',i/) = R{x,y)R{y',x). Then, 




R{x,y)^X, 
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Lemma 10.16. Suppose L is either a suhhundle or a quotient bundle o/H. Suppose 
that 9 > {), and suppose that for all 6 > there exists a set K G X with v{K) > 1 — 5 
and a constant Ci < oo, such that such that for all i > and at least (1 — 6) -fraction 
ofye TijixJ), 

(10.15) ||i?(x,i/)v|| < Ci||v|| forall^^EL. 

Then for all i > there exists a subset K"{£) C X with u{K"{£)) > 1 — c{6) where 
c{S) as 6 ^ 0, and there exists 6" = 6" {6) with 9" ^ as 9 ^ such that for 
all X e K"{€), for at least (1 — 9")-fraction of y E J^ij{x,i), 

(10.16) Ci^lvll < ||i?(x,y)v|| < Ci||v|| forallweL. 

Proof. By Lemma [10.131 (with / the characteristic function of i^' x P^(L)), we have 
fLe{K) > (1 - Therefore there exists a subset K'{i) C X with v{K'{i)) > 

1 - (k^(5)^/^ such that such that for all x e K'{i), 

\J^,,[x,i]nK\ > (1 - {K^6Y/^)\J^,,[x,i]\. 

For xo G X, let 

Ze[xo] = {{x,y) G Tij[x,i] x J^ij[x,i] : x e K, y & K, and fll 0.151) holds }. 
Then, if xq G K'{i) and 9' = 9 + (^^5)^/^ then, by Fubini's theorem, 

\Z^[xo]\ > il-9')\T,^[x,i]xT,^[x,i]\. 

Let 

Zi[xoY = {{x,y) e J^ij[x,i] X J^ij[x,i] : {y,x) e Zi[xo]}. 
Then, for Xq G K'{i), 

\Ze[xo] n Z,[xof\ > (1 - 29')\J^i,[xJ] x J^i^xJ]]. 
For X G J^ij[xo,£], let 

Y;ix) = {yeJ'ij[x,i] : ix,y) E Z,[x] H Zi[xY}. 
Therefore, by Fubini's theorem, for all Xq G K'{i) and 9" = (29'Y^'^, 

(10.17) \{x e J^^,[xoJ] : \Y;{x)\>{1-9")\T,,[xoJ]\}\>{1-9")\J^4xoJ]\. 
(Note that J^ij[xo,i] = J^ij[x,i].) Let 

K"{i) = {xeX : \Y;{x)\>{l-9")\J^,A^,i]\}. 
Therefore, by ffTITTTD . for all xq G K'{£), 

|j-,,[xo,^] n K"{e)\ > (1 - 9")\T,,[xoJ]\. 

Then, by the definition of fii, 

ile{K"{i) X pi(L)) > (1 - 9")iy{K'{i)) > (1 - 29"), 
and therefore, by Lemma 110.131 

iy{K"{i)) = j2e{K"{i) X F\L)) > MK"{i) x P^(L)) > (1 - 2k^9"). 
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Now, for X e K"{i), and y e (fT(U6D holds. □ 

Lemma 10.17. Suppose L(x) = Eij ^iidix). Then there exists a T -invariant function 
C : X — 7- finite almost everywhere such that for all x G X , all v G L(x), and all 

y ^ ["^j ' 

C{x)-'C{y)-'M < \\R{x,yM < C{x)C{y)M, 

Proof. Let flc and fii be as in Lemma ri0.13[ Take a sequence ik ^ oo such that fli^ — )■ 
/ioo, and fii^. — )■ /ioo- Then by Lemma [10.141 (a), we have dfioc{x,\) = dvi^x) dX^iy) 
where A^; is a measure on P^(L). We will show that for almost all x G X, is not 
supported on a union of two subspaces. 

Suppose not; then for a set of positive measure A^. is supported on Fi(x) U F2(x), 
where Fi(a;) and F2(x) are subspaces of L(x). Then, by Lemma [10.141 (c), Fi(x) and 
F2(x) are ^f^-invariant, and then by Proposition 14.41 (a) (or Lemma 110.141 (b)), the 
Fj(x) are also [/"''-invariant. Also, in view of the ergodicity of gt and Lemma [10.141 
(c), A^,. is supported on Fi(x) U F2(x) for almost all x G X. 

Fix 5 > (which will be chosen sufficiently small later). Suppose £ > is arbitrary. 
Since L = 'Eiij^Md-, there exists a constant Ci and a compact subset K d X with 
I'^K) > \ — 5 and for each x G K a subset Yi{x) of with |l£(x)| > (1 — 

^)|.7-'jj[x,£]|, such that for x G -ft' and y G Y^{x) fl K we have 

||-R(a;,?/)v|| < Ci||v|| for all V G L. 

Therefore by Lemma [10.16[ there exists 9" > 0, K"{€) C X and for each x G K"{£) 
a subset F/fx) C J^ij{x,i) with |F/(x)| > (1 - 9")\J^,j{x, i)\ such that for x G K'ii) 
and y G F/(x), f[Tin^ holds. 
Let 

Z(x,r/) = {v G P^(L) : rf(v, Fi(x) U F2(x)) > r/}. 
We may choose ?7 > small enough so that for all x G X, 

Po(Z(x,Cir/)) > 1/2. 

Let 

S'(?7) = {(x, v) : X G X, vGZ(x,?7)} 
Let / denote the characteristic function of the set 

{(x,v) : xeK"{e), V G Z(x,r/)} C 5(r/). 
We now claim that for any i, 

(10.18) M/)>(l-2«:V)(l-0(l/2). 

Indeed, if we restrict in (110. 101) to x G K"{i), y G Yl{x), and v G Z(x, Ci?]), then 
by (110.161) . f{x,R{x,y)\) = 1. This implies (110. ISp . Thus, (provided S > and 
^ > in Definition 110.51 are sufficiently small), there exists cq > such that for all 
£, fle{S{ri)) > Co > 0. Therefore, floo{S{ri)) > 0, which is a contradiction to the fact 
that \x is supported on Fi(x) U F2(x). 
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Thus, for almost all x, Xx is not supported on a union of two subspaces. Thus the 
same holds for the measure ip^ of Lemma 110.141 (d). By combining (b) and (d) of 
Lemma [10.141 we see that for almost all x and almost all y G 

R{x,y)h{x)ipx = h{y)i)x, 

hence h{y)~^R{x,y)h{x) stabilizes ipx- Hence by Lemma [10.151 

h{yy^R{x,y)h{x) E K{x) 

where K{x) is a compact subset of SL(L). Thus, R{x, y) G h{y)K{x)h{x)"^, and thus 

\\R{x,y)\\<C{x)C{y). 

Since R{x,y)"^ = R{y,x), we get, by exchanging x and y, 

\\R{x,yr'\\<C{x)C{y). 

This implies the statement of the lemma. □ 

Lemma 10.18. Suppose that for all 6 > there exists a constant C > and a 
compact subset K G X with ^{K) > 1 — 5 and for each £ > and x E K a subset 
Yi{x) ofJ^ij[x,i] with \Y£{x)\ > (1 ~ 9)\J^ij[x,£]\, such that for x G K and y G Yi{x) 
we have 

(10.19) \kr{x,y)<C. 

(Recall that Xij{x,y) = for all y G J^ij[x].) Then, ij and kr are synchronized, 
and there exists a function C : X ^ finite v-almost everywhere such that for all 
X E X , and all y G J^ij[x\, 

(10.20) p{y,J'kr[x])<C{x)C{y). 

Proof. The proof is a simplified version of the proof of Lemma 110.171 Let Li = 
Eij/Ej L2 = Efcr/Efc^r-i5 and L = Li x L2. 

We have, for y G G[x\, and (v, w) G L, 
(10.21) 

i?(a;,?/)(v,w) = (e^'^('^'^)v',e^'='-w'), where ||v'|| = ||v|| and ||v'|| = ||v||. 

Recall that \ij{x,y) = for all y G J^ij[x]. Therefore, (110. 19p implies that for all 
X E K, all £ > and all y E Yi{x), 

||i?(x,y)(v,w)|| <Ci||(v,w)||. 

Therefore, by Lemma flO.lGt there exists a subset K"{£) C X with v{K"{t)) > l — c{6) 
where c{6) — )■ as 5 — ?■ 0, and for each x E K"{i) a subset C J^ij{x, i) such that 

Cr^||(v,w)||<||i?(x,y)(v,w)||<Ci||(v,w)||. 

This implies that for x E K"{m), y E Y^{x), 

\>^ki{x,y) \ = \Xij{x,y) - Xkiix,y)\ < Ci. 
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Therefore ij and kr are synchronized. 

Let /i£ and fii be as in Lemma [l0.13[ Take a sequence im ^ oo such that fii^ — j- /ioo, 
and fi£^ —J- Uoo- Then by Lemma [10. 141 (a), we have dfiooi^, v) = dh'{x) dXxi'v) where 

is a measure on P^(L). We will show that for almost all x G X, is not supported 
on Li X {0} U {0} X La. 

Suppose that for a set of positive measure A^,. is supported on (Li x {0}) U ({0} x 
L2). Then, in view of the ergodicity of gt and Lemma [10.141 (c), A^,. is supported on 
(Li X {0}) U ({0} X L2) for almost all x eX. Let 

Z{x,ri) = {(v,w) e L{x), ||(V,w)|| = 1, rf(v,Li) > r,, d(w, L2) > r/}. 

and let 

S'(77) = {(x, (v, w)) : X e X, (v, w) G Z(x,?7). 
Then we have fioo{S{ri)) = 0. Therefore, by Lemma [10. 13[ fioo{S{ri)) = 0. Therefore, 
by ^MH), for xeK and y G Ye^{x), 

(10.22) R{x,y)Z{x,C,r])cZ{y,r]). 

Choose 7] so that po{Cir]) > (1/2). Let / be the characteristic function of 3(7]). Then, 
if we restrict in fllO.llI) to x G A', y G Yi^{x), and v G Z(x, Ci?]), then by (110. 22p . 
/(x, R{x, ?/)v) = 1. This implies that for all m, 

/iL(^(^))>K^0(i-^)(i/2). 

Hence fioo{S{ri)) > which is a contradiction. Therefore, for almost all x, A^ is 
not supported on Li x {0} U {0} x L2. Thus the same holds for the measure ipx of 
Lemma [10.141 (d). By combining (b) and (d) of Lemma [10. 141 we see that for almost 
all X and almost all y G J^ij [x] , 

R{x,y)h{x)7jjx = h{y)^px, 

hence h{y)~^R{x,y)h{x) stabilizes ip^- Hence by Lemma [10. 151 

h{y)-^R{x,y)h{x) G K{x) 

where K{x) is a compact subset of SL(L). Thus, R{x,y) G h{y)K{x)h{x)~^, and thus 

\\Rix,y)\\<Cix)Ciy). 

Note that get by reversing x and y we get ||i?(x, y)!!^"*^ < C{x)C{y). Therefore, by 

(Mm . 

\Xij{x,y) - \krix,y)\ <C{x)C{y). 

□ 

Proof of Proposition 110.21 This follows immediately from Lemma 110.181 and 
Lemma [inilTl □ 

Proof of Proposition 110.31 Let K" be as in Proposition 18.51 (b) with 5 = 0. 
We may assume that the conuU set ^ in Proposition 110.31 is such so that for x G 
Q-tX G K" for arbitrarily large t > 0. 
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Suppose y G J^ij[x,£]. We may write 

y = gJug'It'X = 9s'ug-tx. 

Then, by the multiphcative ergodic theorem, assuming t' is sufficiently large and 
g-tx e K", 

(10.23) \s' - \it'\ < et and \t - A/| < et. 

Now suppose V G H(x). Note that if ||i?(a;, ?/)v| < C||v||, and s is as in Proposi- 
tion [8]5l then s > s' — 0(1) (where the implied constant depends on C.) Therefore, 
in view of (110.231) . (I8.16P holds. Thus, by Proposition 18.51 (b), we have v G E(x). 
Thus, we can write 

V = Vfcr 

krel 

where the indexing set I contains at most one r for each /c G A. Let K be as in 
Lemma [10.181 and let be such that for x G g-tx G K infinitely often. Note that 
for y G J^ij[x], 

\\R{x,yM > \\R{x,y)^^kr\\ > e^^'-("'^)||vfe,||. 
Then, by Lemma |10.18[ for all kr G /, kr and ij are synchronized, i.e. kr G [ij]. 
Now, by Proposition 110.21 (or Definition 110.51) . Vfcr(x) G EkrMd{x). Therefore, v G 

^[ij],bdd{x)- □ 

11. Equivalence relations on W~^. 

Let GSpc denote the space of generalized subspaces of W~^. We have a map 
Ux : Ti+i^x) X W~^{x) — )■ GSpc taking the pair {M,v) to the generalized subspace 
it parametrizes. Let denote the inverse of this map (given a Lyapunov-adapted 
transversal Z{x)). 

Let 

£^,[x] = {Q e GSpc : j(W-^(Q)) G E[,,],6,,(x).} 

Motivation. In view of Proposition 110.21 and Lemma [6.51 (b), the conditions that 
Q G Sij[x] and hdx{Q, U~^[x]) = 0(e) imply the following: for "most" y G J^ij[x], 

hdy{R{x,y)Q,U+[y]) = 0{e). 

In view of Proposition 110. 1[ we can ensure, in the notation of §2.31 that for some 
ij G A, ^2 is close to Sij{q2)] then in the limit we would have ^2 ^ ^ij{Q2)- 

A partition of Pick disjoint open sets of diameter at most 1, so that their 

union is conuU in the intersection of with the fundamental domain. We denote 

the set containing x by B[x], and let B{x) = {f G W~^{x) : v + x ^ B[x]}. 

Equivalence relations. Fix a^o G X. For x, x' G H^"^[xo] we say that 

x' X if x' G B[x] and G Sij[x]. 
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Proposition 11.1. The relation r^ij is a (measurable) equivalence relation. 
The main part of the proof of Prop osit ion 1 1 1 . 1 1 is the following: 

Lemma 11.2. There exists a subset ^ C X with i^(\E') = 1 such that for any ij G A, 

if Xq G ^, Xi G d{xo,Xi) < 1, and U~^[xi] G £^ij[xo], then Sij[xi] = £ij[xo]. 

Warning. We will consider the condition x' x to be undefined unless x and x' 
both belong to the set \l/ of Lemma [11.21 

Proof of Proposition 111.11, assuming Lemma 111.21 We have G £iij],bdd{x) , 

therefore, 

(11.1) U+[x] e £^J[X]. 

Thus X r^ij X. 

Suppose x' r^ij X. Then, x' G B[x], and so x G B[x']. By f lll.ip . U^[x] G ^^jj[a;], 
and by Lemma [TT21 £ijW] = £ij[x]. Therefore, G Sij[x'], and thus x x' . 

Now suppose x' r^ij x and x" x' . Then, x" G B[x\. Also, t/+[a;"] G = 
therefore x" x. □ 

Remark. By Lemma lll.2[ for x,x' G x' x if and only if x' G B[x\ and 

Outline of the proof of Lemma 111.21 Intuitively, the condition f/+[xi] G i^jj[a;o] 
is the same as "^-^^[xi] and J-ij[xo] stay close", and "[/"^[xi] and f/"*"[xo] stay close as 
we travel along J-ij[xo] or J^jj[xi]", which is clearly an equivalence relation. We give 
some more detail below. 

Fix e <^ 1. Suppose Xi is e-close to Xq, and 

hd,,{U+[x^lU^[x,]) = e. 

Then, by Lemma [6.51 (b). 

We are giv en th at t/+[xi] G £^ij[xo], thus j(W^7/(t/+[a;i])) G E[jj]^Mrf(xo). Then, by 
Proposition 110. 2[ for most G J-ij[xo], 

P(xo,yo)j(W-/(f/+[xi]))||=0(e). 

We have 

i?(xo , i/o) j {U-^{U^ [xi]))=] {Ky-' {U-'ly',])), 
for some y[ G Gfxi]. Then, by Lemma 1^31 (b). for most y^ G J^ij[xo], 

hdyo{U'^[y[], U^[yo]) = 0(e) for some y[ G G[xi]. 

It is not difficult to show that y[ is near a point yi G J-ij[xi]. Thus, for most 
yo G Tij[xo], 

(n.2) hdy,iU+[yi], U+[yo]) = 0(e) for some y, G J-,,[xi]. 
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Thus, most of the time J-ij[xo] and remain close, and also that for most 

Ho G J^ijlxo], U^lni] and f/~'~[yo] remain close, for some yi € J-ijfxi]. 
Now suppose Qi G and 

hd,,{QuU+[x,]) = 0{e). 

Then, G E[jj]^bdd(xi), and thus, for most yi G J^ij[xi], using Proposi- 

tion [T02] and Lemma [6.51 (b) twice as above, we get that for most yi G J^ij[xi], 

(11.3) hdy,{R{xuyi)Qi,U+[yi]) = 0{e). 

In our notation, R{xi,yi)Qi is the same generalized subspace (i.e. the same subset 
of W~^) as R{xo,yo)Qi for yo G J-^tj[xo] close to yi. Then, from flll.2p and f lll.Sp . for 
most yo G J^ij[xo], 

hdy,{R{xo,yo)Qi,U+[yo]) = 0{e). 
Thus, using Lemma 16.51 (b) again, we get that for most yo G J-'ij [xo] , 

\\Rixo,yom-\Qim=Oie). 

By Proposition 110. 3[ this implies that j(W^^(Qi)) G E[jj] ^(^(^(xo), and thus Qi G 
Sij[xo]. Thus, Sij[xi] C Sij[xo]. 

Conversely, if Qo G Sij[xo], then the same argument shows that Qo G £'jj[xi]. 
Therefore, £^jj[xo] = □ 

The (tedious) formal verification of Lemma 111.21 is given in §11.1*1 below. 

The equivalence classes The equivalence relation ~jj is clearly measurable. 

We define 

Cij[x] = {x' E B[x] : x' r^ij x}. 

We define a //-measurable a-algebra Cij so that (after possibly modifying the Cij[x] 
on a set of i/-measure 0) the atoms of Cij are the sets By |EH Proposition 5.8], 

we may, after possibly replacing Qj by an i/-equivalent a-algebra, assume that Cij is 
countably generated. (See e.g. |CK] for the definitions and a discussion of related 
issues). 

Lemma 11.3. Suppose t G M, n G U^{x). 

(a) gtCij[x] n B[gtx] f] gtB[x] = Cij[gtx] D B[gtx] D gtB[x]. 

(b) uCij[x] n B[ux] n uB[x] = Cij[ux] fl B[ux] fl uB[x]. 

Proof. Note that the sets and Ejjj] ^^^(x) are (/t-equivariant. Therefore, so 

are the which implies (a). Part (b) is also clear, since locally, by Lemma [8.2[ 

(n)*Ejj(x) = Ejj(ux). □ 

The measures ^ij. We now define ^ij{x) to be the conditional measure of v along 
the Cjj[x]. In other words, iij{x) is defined so that for any measurable : X — )■ M, 



E{(l)\Cij){x)= I (Pd^i. 

Jx 



[X 
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We view ^ij{x) is a measure ^^"'"[x] which is supported on Cij[x]. 

The measures fij. We can identify iy"'"[a;] with the vector space W~^{x) = M", 
where x corresponds to the origin in M". Let fij{x) be the pullback to M" of C,ij{x) 
under this identification. We will also call the fij{x) conditional measures. (The term 
"leaf- wise" measures is used in |EL] in a related context). We abuse notation slightly 
and write formulas such as 



The main property of the measures fij which we will need is the following: 

Proposition 11.4. There exists < ao < 1 depending only on the Lyapunov spec- 
trum, and for every 6 > there exists a compact set Kq with v{Kq) > 1 — 5 such that 
the following holds: Suppose < e < 1, C < oo, t > 0, t' > 0, and \t' — 1\ < C . Fur- 
thermore suppose q E Kq and q' G H Kq satisfy ([57^ and ( [5. ?[ ). Let qi = g^q, 
q[ = geq'. Also let qs = g'Jqi, q'^ = g'Jq[. Suppose qi,q[, q^, q'^ all belong to Kq. 

Suppose u G U^{qi), u' G U'^{q[), and let q2 = gl^uqi. We write q2 = grUqi for 
some r > 0, and let q'2 = gru'q'i (see FigureU^. Also suppose C~^e < d{q2,q2) < Ce 
and £ > aoT. 

In addition, suppose there exist q2 and q'2 G £ij[q2] (so in particular q'2 G M/^'''[q'2]y' 
such that d{q2,q2) < C, and d{q'2,q'2) < Suppose further that q2, q'2, q2 and q'2 all 
belong to Kq. 

Then, there exists ^"' > (depending on C,, Kq and C and t) with ^"' — )■ as ,^ — t- 
and t — 00 such that 



Here d{-,-) is any metric on measures on which induces the topology of weak-* 
convergence on the domain of common definition of the measures, up to normalization. 

Proposition 111.41 is proved in §11.2*1 We give an outline of the argument below. 

Outline of the proof of Proposition 111.41 The initial intuition behind the proof 
of Proposition 111.41 linear maps is that "one goes from q'^ to q'2 by nearly the same 
linear map as from ^3 to q2', since this map is bounded on the relevant subspaces, 
should be related to fijiqs) and fij{q'2) should be related to fij{q2)', since 
fijiqs) and fijiq'^) are close, fij{q'2) should be related to fij{q2)" 

There are several problems with this argument. First, because of the need to change 
transversals, there is no linear map from the space GSpc(g3) of generalized subspaces 
near q^ to the space GSpc(g2) of generalized subspaces near q2. This difficulty is 
easily handled by working instead with the maps R{q3, ^2) '■ Hils) H(g2) and 



The second difficulty is connected to the first. We would like to say that the two 
maps R{q3, ^2) and R{q3, q'2) are close, but the domains and ranges of the maps are 
different. Thus we need "connecting" linear maps from H(g3) to 11(^3), and also from 




(11.4) 



d{P^{q2,q2)f^J{q2)J^j{q2))<^' 



R{q'„q'2):H{q',)^H{q'2). 
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H(g2) to H(g2)- The first map is easy to construct: since and ^3 are in the same 
leaf of W~ , we can just use the map P~(g'3, 93) induced by the 'W~-connection map" 
^"(^3,^3) defined in M 

Instead of constructing directly a map from H(g2) to H(g2) we construct maps 
P^(^'Hg2,g2) : H(g2) ^ H(g2) and P^(^2)(g^, g^) ; H(g^) ^ H(g^). Since and 
are close, and also since and are close, these maps are in a suitable sense close 
to the identity. Then, since g2 and g2 are on the same leaf of , we have the map 
P"^(g2,g2) induced by the ly^-connection map P~^{q2,q'2) of §4.2[ 

Thus, finally we have two maps from H(g3) to H(g2): 

A = P+(g2, q'2) o P^('^^)(92, g2) o R{qs, q^) 

and 

A' = P^(''^)(g^, gl) o i?(g^, g^) o p-(g3, g2) 

Even though A and A' are defined on H(g3), in what follows we only need to consider 
their restrictions to E^ij-^^bddiqs) C H(g3); we will denote the restrictions by B and B' 
respectively. 

We would like to show that B and B' are close. By linearity, it is enough to show 
that the restrictions of B and B' to each Ej^ ;,^^(g3) C E[jj] ;,^^(g3) are close. Note that 
by Proposition 1131 (a), P"(g3, g3)Ejj- ^^(^3) = ^ijMdWs)- Continuing this argument, 
we see that the two subspaces BFjij^hddiqs) and Eij^hddiqs) are close to Ejj^f,dd(^2) 
(and thus are close to each other). Also, from the construction and Proposition 110. 2( 
we see that both B and B' are uniformly bounded linear maps. However, this is still 
not enough to conclude that B and B' are close. In fact we also check that B and B' 
are close modulo Vi_i(g2). (This part of the argument uses the assumptions on g, g', 
gi, q[, etc). Since Eij^bdd{<l2) and Vj„i(g2) are transverse, this is enough to show 

(11.5) ||B-B'|| ^Oas^^O. 

The final part of the proof of Proposition II 1.41 consists of deducing flll.4p from flll.Sp 
and the fact that B and B' are uniformly bounded (Proposition 110. 2|) . 

11.1*. Proof of Lemma [ma 

Lemma 11.5. Suppose K G X with v{K) > 1 — 5. Then, for any 6' > there exists 
a subset K* C X with y{K*) > 1 — 2K^6/d' such that for any x e K* and any £ > 0, 

(11.6) \Tij[x,£]nK\>{i-e')\Ti,[xj]\. 

Proof. For t > let 

Bt[x] = g.t{J[gtx] n f/+[x]) = g.tB[gtx]. 

Let s > be arbitrary. Let Kg = g-gK. Then v{Ks) > 1 — k6. Then, by Lemma [3. IH 
there exists a subset K'^ with viK'^) > (1 — 2k6/6') such that for x G K'^ and all t > 0, 

\KsnBt[x]\ > {i-e'/2)\Ks\. 
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Let K* = g'jKl,, and note that g'jBt[x] = J^ij[gsX, s-t]. Then, for all x e K* and all 

< s - t < s, 

\J^ij[x, s - t] n A'l > (1 - 9'/2)\J^,j[x, s-t]\. 

We have i^iK*) > (1 — 2k^5/6'). Now take a sequence Sn oo, and let K* be the 
set of points which are in infinitely many K*^. □ 

Proof of Lemma 111.21 Let > and 5 > be small constants to be chosen later. 
Let K d X and C > be such that i'{K) > 1 — 5, ioi x & K the Lemma 16.51 (b) 
holds with ci(x) > C~^, and for all x G all v G E[jj] ^^^(x) and all £ > 0, for at 
least (1 — 6i) fraction of y G 

(n.7) ||i?(x,y)v|| <C||v||. 

By Lemma [TL5] there exists a subset K* C K with viK*) > (1 — 2k^5^/^) such that 
for X G K* ^ flll.6p holds with 6' = 5^^"^. Furthermore, we may ensure that for x G K*, 
K* n J^ij[x\ is relatively open in J^ij[x\. (Indeed, suppose z G J^ij[x\ is near x G K* . 
Then, there exists such that for I > (.q, J^ij[x,P\ = J^ij[z,i] and thus f llLOp holds 
for z. For i < £q, f llL6p holds for z sufficiently close to x by continuity.) Let 

* = {x G X : lim |{t G [0, T] : g_tX G K*}\ > (1 - 2k^6^/^). 

Then z/(\&) = 1. From its definition, is invariant under gt. Since K* fl ^ij[x] is 
relatively open in J^ij[x], is saturated by the leaves of J-'ij. This implies that is 
(locally) invariant under U^. Now, let 

KN = {xe'^ : for all T> N, \{t e [0,T] : g^tx e K*}\ > {1 - Ak^6^^'^)T}. 

(We may assume that 4k^5^/^ <^ 1.) We have IJat-^a^ = ^• 

Suppose Xq G Kn, Xi G Kj^, with d{xo,Xi) < 1. For k = 0,1, let Qk C Sij[xk] be 
such that 

hd^,{Qk,U+[xk]) < 1, 

and the vector 

v.=j(w-^'(Qi-.)) 

satisfies ||vfc|| < 1. 

We claim that G H(xfc). Indeed, we may write U^_^_^{Qi^k) = (^i-fc, "^^i-fc)- 
Also we may write U~^{U^[xi-.k]) = (^(^'^fc)- Then, Qi-k is parametrized (from Xk) 
by a pair {M'f!,Wk) where Wk G W~^{xk), and 

M^ = (/ + Mi„,.)°a + K)-/ 

(This parametrization is not necessarily adapted to Z{xk)-) Since Mi_fc and M( are 
both in G ?/+(xfc). Thus, = S,,(j(M^', m;^)) G H(xfc). 
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Figure 4. Proof of Lemma 111.21 




Figure 5. Proof of Lemma [11.21 
In (b), the subspaces U^Ihq] and stay close since x[ G £ij{xQ), and also for 

k e {0, 1}, the subspaces R{x'j^,y'k)Q'k and U^[y'j^ stay close since Q!^ E £ij,bdd{x'j^)- 



For Ci{N) sufficiently large, we can find Ci{N) < t < 2Ci{N) such that x'q = 
g%Xo e K\ x\ = g'l.xi G K*. Let = g'^.Y^, = g%Qk. By choosing C,{N) 
sufficiently large (depending on A^), we can ensure that 

By Lemma [6.51 since x'^ G K, 

(11.8) l|j(w;/(f/+[a;U]))ll < UKiiQim < c-'. 

k k 
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Let i > he arbitrary, and let £' be such that J^ij[x , £'] = J^ij[x,i]. Then, for 
A; = 0, 1, since x'l^ e K*, 

\{y', G : y', G K}\ > (1 - 6'/')\T,,[x\i% 

Since U^[xi] G Sij[xo], we have U^[x[] G Sijlx^], and thus j(W^7/(t^"^[a;i])) G Eiij^Mdixo)- 
Since Xq G K, we have by fill ■71) . for at least (1 — 6'i)-fraction of t/g ^ J^ijWoy^']^ 

(11.9) mx'o,yo)m'iu'-[x'M\ < c||j(w;/(f/+K]))|| < c-\ 

where we have used (111.81) for the last estimate. Let 9" = 26\+25^/'^ . Then, for at least 
l — 6"/2 fraction of ?/g G J^ij[x'Q, y'^'^ K and (111.91) holds. Therefore, by Lemma [675| 
for at least (1 — ^"/2)-fraction of y'^ G J-i^ [xq, £'], for a suitable y'^ G J-^j [x'l , £'] , 

(11.10) hdy.^{U^\y'^\M^\y\\) < 1. 

Also, since Qk G Sij[xk], Q'k G Sij[x'f.], and thus j(W~/(Q'fc)) G Eiij]^Md{x'^)- Hence, by 
(lll.7p . for at least (1 — 6')-fraction of y'f, G J^ij[x'f,, i'], 

(11.11) \\R{xiy[m^'{Q',m < c\mj\Q',m < c. 

k k 

where we used (I11.8P for the last estimate. Then, for at least (1 — 6'"/2)-fraction of 
y'j. G J-'ij[x'j^,i'], y'^, E K and (111. lip holds. Therefore, by Lemma ESI for at least 
(1 - ^72)-fraction of y'^ G Ji^ix'^, f ], 

hdy,^{U+[y',lR{x',,y',)Q!,)<l. 

Therefore, by (Ill.lOp . for at least (1 — 6'")-fraction of y'f, G ^'], for a suitable 

y'l-k ^ -^ijWl-k-: ^\ 

Let 

w^, = j(W^-,^(/2(xU,yi_,)QU)) = ^(4,z/DvL. 
Then, assuming y'^E K and (I11.12p holds, by Lemma 16. 5[ 

llwfcll < C. 

Let i/fc = g\^y'^, and let 

Wfc = ^(2/fc, yfe)Wfc = i?(xfc, ?/fc)vfc. 

Then, for at least (1 — ^")-fraction of y^ G ||-R(a;fc, yfc)vfc|| < C2{N). This 

implies, by Proposition 110. 3[ that G E[jj] ^^^(xfc). (By making > and 5 > 
sufficiently small, we can make sure that 9" < 9 where 6' > is as in Proposition 110.31 ) 
Thus, for all Qk G £^,[xk] such that j(W-i,(Qfc)) < 1, we have j(W-i,(Qfc)) G 
E[ij],6dd(a;i-fc)- Since both U~^^^ and j are analytic, this implies that i{Mxi_^,i.Qk)) G 
^[io]Md{xi-k) for all Qk G f^ijfxfc]. Thus, for /c = 0, 1, C This implies 

that £^jj[a;o] = □ 
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11.2*. Proof of Proposition 111.41 Let (9 C X be an open set contained in the 
fundamental domain, and let x — )■ u^. G U~^{x) be a function which is constant on 
each set of the form [/'''[x] fl O. Let T„ : (9 -> X be the map which takes x — ?■ u^x. 

Lemma 11.6. Suppose E G O. Then v{Tu{E)) = ^{E). 

Proof. Without loss of generality, we may assume that Tu{0) fl (9 = 0. For each x G 
O, let U[x\ be a finite piece of U^[x\ which contains both U[x\ fl O and T„(f/[x] fl O). 
We may assume that U[x] is the same for all x G U[x] fl O. Let U be the cr-algebra of 
functions which are constant along each U[x]. Then, for any measurable : X — )■ M, 

f (j)dv= I E(0 I 

Now suppose (f) is supported on O. We have E(0 oT^ \U) = E(0 | U) since the con- 
ditional measures along U'^ are Haar, and T„ restricted to Od [x\ is a translation. 
Thus 

/ (t)oTudu= I E{(j) o Tu \ U) du = / E{(j)\U)du= / (pdu. 
Jx Jx Jx Jx 

□ 

We also recall the following standard fact: 

Lemma 11.7. Suppose \1/ : X — j- X preserves v, and also for almost allx, Cjj[\E'(x)]n 
B[^>{x)] r}^{B[x\) = ^{Cij[x\) n B[^<{x)] n^{B[x\). Then, 

fiji^ix)) oc ^ Jij(x), 

in the sense that the restriction of both measures to the set B[${x)] fl ^(i?[a;]) where 
both make sense is the same up to normalization. 

Proof. See [ELl Lemma 4.2(iv)]. □ 

Lemma 11.8. We have (on the set where both are defined): 

fijigtTug-sx) oc {gtTug-s)*fijix). 

Proof. This follows immediately from Lemma [TTTB] and Lemma [T 1.71 □ 

The maps (p^. We have the map (px '■ W~^{x) — t- x W'^{x) given by 

(11.13) M^)=K\u^[^])- 

(Here is defined using the transversal Z{x).) 

Suppose Z{x) is an admissible transversal to U~^{x). Since fij{x) is Haar along U~^, 
we can recover fij{x) from its restriction to Z{x). More precisely, the following holds: 

Let 7^2 : 'H~^{x) X W~^{x) — )■ W~^{x) be projection onto the second factor. Then, for 
z G Z[x), 7r2(0(z)) = z. Now, suppose Z' is another transversal to U~^{x). Then, 

ifij \Z'){X) = {tT2 O O (f))^{fij \z(x))- 
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The measures fjj(x). Let 

iij{x) = (j o (l)^)Jij{x). 
Then, fjj(x) is a measure on H(x). 

Lemma 11.9. For y G we have (on the set where both are defined), 

iij{y) oc R{x,y)Jij{x). 

Proof. Suppose t > is such that x' = gj^^x and y' = g'^^y satisfy y' G B[x']. Let 
Z[x'] = g^l^Z[x], and let Z[y'] = g%Z[y]. For z G Z[x'] near x' let Uz be such that 
UzZ G Z[y']. We extend the function z ^ Uz to be locally constant along in a 
neighborhood of Then, let 

Note that takes Z[x] into and by Lemma [11.81 

(11.14) ^ = f,,iy). 
By the definition of in ^ for z G ^[x], 

o j oW,7i)f/+[^] = (j oW-i)[/+[vl/(^)]. 

Hence, by ffTTTS]) . 

(11.15) (i?(x, y) o j o 0,)(^) = (j o 0, o ^)(^), 

where (j)y is relative to the transversal Z{y) and </)a; is relative to the transversal 
Z{x). (Here we have used the fact that \E'(f/+[2;]) = f/+[\E'(2)] which follows from the 
equivariance of . Also, in f lll.lSp . R{x,y) is as in §9.31 ) Now the lemma follows 
from (drUD and ffTLT5|) . □ 

Let P^{x,y) and P~{x,y) be as in §4.21 The maps P^{x,y)^ : Lie(^+)(a:) — )■ 
Lie(^+)(?/) (where we use the notation (16. 9p ) are an equivariant measurable fiat W~^- 
connection on the bundle Lie(^+) satisfying (14. 7p . Then, by Proposition 14.4( a). 

(11.16) P+{x,y)Me{U+){x) = Ue{U+){y). 

The maps P^{x,y) and P~{x,y). In view of (I11.16p . the maps P~^{x,y) naturally 
induce a linear map (which we denote by P~^{x,y)) from H(x) to ii{y), so that for 

{M,v)en+{x), 

P+(x, y) o j(M, v) = j(P+(x, y)oMo P+{x, y)-\ P+(x, y)v). 

Let P^{x^y) = Sy^^^ o P^[x,y). Then the maps P~^{x,y) : H(x) — )■ H(y) are an 
equivariant measurable fiat "'"-connection on the bundle H satisfying (14. 7p . Then, 
by Proposition 14.4( a). we have 

(11.17) P+ix,y)Eij^Md{x) = Eij^Mdiy)- 
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For y G we have a map P~(x, y) with analogous properties. 

The maps P^(x, y) and P'^(x, y). We also need to define a map between H(x) and 
H(y) even if x and y are not on the same leaf of or W~ . For every G Vi{x), 
and z G A (where A is the Lyapunov spectum) we can write 

v. = ^, + ^: v[eV.{y), <G0V.(i/). 

Let P'^{x,y) : — j- be the linear map whose restriction to Vi{x) 

sends Vi to w^. By definition, P\x,y) sends Vi(x) to Vi{y), but it is not clear 
that P^{x,y)^Ue{U+){x) = Ue{U+){y). To correct this, given a Lyapunov-adapted 
transversal Z{x), we let M{x,y) : Lie(^+)(a;) — j- Lie(^+)(?/) be the linear map such 
that 

(J + M(x, I/)) Lie(?7+)(x) = Ptt(a;, y);' Lie(f/+)(l/), 
and M{x,y)Vi{Ue{U+)){x) C where Zi{x) = n Vi(Lie(^+))(x) is as in 

Then, let 

P^(^)(a;,l/) = P"(a;,y),oM(x,i/). 
Then, if Z = Z{x) is Lyapunov adapted, we have 

P^(")(x,i/)V.(Lie(G+))(x) = mUe{g+)){y) and P^(^) Lie(?7+)(x) = Lie(?7+)(y). 

Then P^^^^ gives a map l-L+{x) — t- 'H+{y) sending / G Ti+ix) to P^^^\x,y) o /. 
Therefore, (after possibly composing with a change in transversal map S) P^^^\x,y) 
induces a map we will call P^^''^\x,y) between H(x) and H(y). This map has the 
equivariance property 

ps-'^(-)(^?_iX, g^ty) = g^t o P^(-)(a:, y) o 

Lemma 11.10. Suppose x and y E X , and s > are such that for all \t\ < s, 

d{gtx,gty) = 0(1) , and also x G Kthick where K'^^-^f, is as in Lemma Then, 



there exists a > depending only on the Lyapunov spectrum such that for all i, 

d{V,{x)y,{y)) = 0{e-n- 
Proof. Let v G Vi{x) be a unit vector. We can write 

V = V+ + Vq + 

where Vq G Vi{y), w+ G 0j>j Vj{y), f_ G 0j<j Vj(y). Then, fiowing forward and using 
Lemma [3.41 shows that = 0{e~°''^), and fiowing backward and using Lemma [3^ 
shows that \\v^\\ = 0{e^°"^). □ 

For every 6 > and every < a < 1 there exist compact sets Kq G G X with 
z/(-R'o) > 1 — 5 such that the following hold: 

(KH) The functions U~^{x) and Vj(x) are uniformly continuous on KK 
{K^2) The functions Z{x) are uniformly continuous on 
{K^3) The functions Eij^bfid{x) are uniformly continuous on 
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(K^A) The functions fij{x) and fjj(x) are uniformly continuous on (in the weak-* 

convergence topology). 
{K'^h) There exists to > and e' < 0.25a min |Aj — \j\ such that for t > tQ, x G /C", 

all i, and any v G Vi{x), 

e(A.-.')t||^|| < \\{g,)^v\\ < e^^^+''^'\\v\\ 

{K^6) The function C^^-) of Proposition 110.21 is uniformly bounded on 

i,bdd{^) s^nd Vj_i(x) are transverse for x ^ KK 
(K«8) Ki C i^l,, where K','^^^, is as in Lemma Ell (c). 

{K^9) For all x e -fC", c?i?[x]) > Co((5) where B[x] is as in the beginning of ^Hl 
and Co (5) — as 5 — 0. 
(i^^lO) There exists a constant Ci = < oo such that for x G Kq and all 

T > Ci(5) and all ij we have 

|{tG[Ci,T] : g%xeK^\>0.99{T-C^). 

Proposition 11.11. Suppose a, e, s, i, t, t' , q, q' , l3, qi, q[, q^, q'^, u, u' , q2, q2, q2, 

q2, C , ^ are as in Proposition \l 1 .4\ Then, (assuming e' in (K^5) is sufficiently small 
depending on ao and the Lyapunov spectrum), 

(a) There exists ^ > (depending on ^, Kq and C and t) with — as — 
and t — 7- oo such that for v G E[jj]^bdd(g3), 

(11.18) \\P^^'^'-\q'2, ~q',) o R{q',, q',) o p-(g3, q',)^r- 

P+(g2, gs) ° P^^'"\q2, q2) o i?(g3, g2)v|| < e'||v||. 

(b) There exists C," > (depending on ^, Kq, C and t) with — )■ as — ?■ and 
t — )■ CX3 such that 

d(P+(g2,g2)%fe),%(g2))<C 

Here d{-,-) is any metric which induces the weak-* convergence topology on 
the domain of common definition of the measures, up to normalization. 

Proof of (a). Note that by (19. 5p . we have < t < KT, where k, depends only on 
the Lyapunov spectrum. Also, by assumption we have 

(11.19) i>aoT, 

where ao depends only on the Lyapunov spectrum. 

Since \\P~{q,q') — /|| = 0(1), in view of {K^5) and Lemma IT2] (b) and (c) applied 
to P~, we have 

(11.20) WP'iqu q'l) - I\\ = O(e-"0 = 0(e-°"«") 

where a depends only on the Lyapunov spectrum. Let qi = g^lt'l2= g-rqi, q'l = fi'-rQ'2- 
Then, 

(11.21) q[ = g%,q2, where \t" - t\ = 0(1). 
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Since ||P'^(g2, 5^2) ~ -^11 — and in view of Lemma [4.21 (b) and (c), 

(11.22) \\P^{q^,q[)-I\\=0{e-"n, 

where ai depends only on the Lyapunov spectrum. 

Also, by Lemma [11.101 since d{gsu'q[, Qsq'i) = 0(1) for all s with |s| < i, 

(11.23) WPKu'q'i, q'l) - I\\ = 0{e-"^^) = 0(6-"^°°"), 

where a2 depends only on the Lyapunov spectrum. Since we have hd{U^ [52] , [^2] ) ~ 
e = 0(1), by Lemma [331 (c) we have 

hd{U+[q[lU+[u'q[])=0{e-''n- 

By the multiplicative ergodic theorem, the restriction of g-r to ViiW^) is e^''^hr, where 
Wh^-W =0{e'^'^). Therefore, (cf. the proof of Lemma 16.1 2p . 

dig.rZiq'^) n V,{u'q[), U+{u'q[) H V,{u'q[)) > ce"^'^ 

where 03 and 04 depend only on the Lyapunov spectrum. Then, (as in the proof of 
Lemma 16.121) , 

(11.24) \\M{u'q[,q[)\\=0{e^'n 
Therefore, by iHTm and ([TLM]) . 

(11.25) \\P3-^^^'''^\u'q[,q[)-I\\ =0(6"°'^), 

where a' depends only on ao and the Lyapunov spectrum. In the same way, 

(11.26) \\P^--^^''^\uqi,qi) - I\\ = ©(e""'"), 

We also have \\u - u'\\ = 0(e~"^) (by Lemma [61]). Therefore, by iHTWf . ([IL2QD, 
([IL25D, (IIL26)) and IHTm . for any w G Eij^bdd{qi), 

||P3-^('?2)(M'g;,gl) ° iu%oP-(q,^q[)w- 

P+(gi,gi) oP^-^fe)(Mgi,gi) o {u),w\\ = 0(e-"^||w||), 
where a depends only on and the Lyapunov spectrum. Hence, 

(11.27) P^-^(^2)(^'^^,^-) o {u% oP~ {q,,q[)w = 

= P+(gi, q[) o P'}--^^i^\uqi, qi) o (n)*w + w' 

where w' G ii{q[) satisfies 

(11.28) llw'll = 0(e-"^||w||) = 0,(e-(^"+"-^')^||v||), 

where we wrote w = g^_l^,^r for some v G Eij{q-s), and we have used {K^5) for the last 
estimate. We now apply gr =gli (cf. flll.2ip ) to both sides of (111.271) and take the 
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quotient mod Vj_i(g2)- We get 

(11.29) P^^''^\q'2,q'2)ogll o o p-(gi, g^w + V,_i(gl) = 

= P+(g2, q'2) o P'^'^'\q2, h) o \g^, o («),w + + V,_i(g^). 

We may write 

w' = ^Wfc, WkeVk{u'q[). 

k 

Then, 

since for k < i, gllv/'i^ G Vi_i(g2)- By {K^5), for k > i, 

9^'< = 9r< =0(e(^'=+^>||w^||) = 0(e(^«+^>||w^||) = 0(e---||v||), 

using fill. 281) (and choosing e' sufficiently small depending on ao and the Lyapunov 
spectrum). Therefore, substituting into flll.29p . we get, for v G Ej^ (,^^(^3), 

(11.30) P^(^^)(g2, ^2) ° ^(?3, Q2) ° P"(g3, g^v + V,_i(gl) = 

= P+(g2,g2) oP^fe)(g2,g2) oi?(g3,g2)v + 0(e-"^-||v||) + V,_i(g^). 

Since v G Eij-Mrf(g3), we have i?(g3,g2)v G £^^-^^(^2), and then 

(11.31) P+(g2,gD oP^(''^)(g2,g2) oi?(g3,g2)v G P+(g2, ^2) ° P^^''n?2, g2)E,,,„,d(g2). 
By (A'«2) and (K«3), since ci(g2,g2) < 

rf(P^('?2)(?2,g2)Ei,,Md(g2),Ei,-Mrf(g2)) < ^o, 
where .^0 as ,^ — )■ 0. Then, using flll.l7p . 

(11.32) d{P+{q2, q'2) o P^(''^)(g2, g2)E,,- ^^^(^2), E,,, ,,,(g^)) < 6- 

where ,^1 — )■ as — )■ 0. Also, by flll.l7p (applied to P~), we have P~(q'3,g'3)v G 
Eij-6dd(g3)- Then, R{q'j,,q'2) oP'iqs^q's)^ G Eij-brfd(g^), and 

(11.33) P^(^^H?2,?~2) ° ^(93,92) °P"fe,g3)v e P^(''^)(g^,gl)E,,-,,,(g^). 
By (A'«2) and (A:»3), 

(11.34) rf(P^('^^n?2, g^E,,, ,,,(g^), E,,- ,,,(g^)) < 6, 

where ^2 -> as ^ 0. Note that Eij-Md(g^) n Vi_i(g^) = {0}. Now (lll.l^p for 
arbitrary v G E.j^Mdiqs) follows from ffTOOl) . ffTOTD . ffTT^ . ffTT^ and ^TTMf . 
The general case of fill. 181) (i.e. for an arbitrary v G E[fcr],bdd('?3)) follows since 
E[fcr],6dd('?3) = 0jje[fcr] Eij,6dd('?3) and all the maps on the left-hand-side of fill. 181) are 
linear. 
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Proof of (b). By (KH), 

where — > as and t — )■ oo. By Lemma [11.91 R{q'^,q2)*iij{q'^) oc fij(q'2)- Iii view of 
in view of condition (i^^G), the assumption \t — t'\ < C and Proposition 110. 2| that 
R{q3, q2) is a hnear map with norm bounded depending only on K'^ and C. It then 
follows from (a) that Riq'^, q'2) is also a linear map whose norm is bounded depending 
only on and C. Furthermore, by and Lemma 13.41 there exists a constant 

C2{5) such that if 

(11.35) C >t-t' > C2{5), 

then if we write q2 = g\^ug^l^iq^, then ug^l^, B[q^ D B[q2\. Then, by Lemma [11.9[ 
%{q2) oc Riq3,q2)Jijiq3) and iijiq'^) oc R{q'^, q'^) Jij{q'^) . 

In view of (Ji'^10), we can assume that f lll.35p holds: otherwise we can replace 
and by g'l^q3 G K'^ and g^l^q'^ G K'^ where 6*2(5) < s < 2C2{6). (Without loss of 
generality we may assume that C > 2C2{S).) Hence, we have 

(11.36) rf((i?(g^,g^) oP-(g3,g^)),f,,(g3),f,,(g^)) < ^2, 
where ^ ^ as t ^ cx). Thus, by (Kh), (K»2), {K^, 

d{P^^''-\q'2,mM),UQ2))<^3, 
where ^3 as ^ — )■ and t — )■ 00. Hence, 

(11.37) t/((P^^''^n92,^2) °^(?3,?2) °P"fe,g3))*f^.fe),f.,(g2)) < ^4, 

where ^4 — )■ as ,^ — and t — )■ 00. Also, in view of f lll.36p . and since P~^{q2, q'2) is 
a linear map whose norm is bounded depending only on K^, 

(11.38) rf(P+(g2, gl) o P^(''^)(92, g2) o i?(g3, g2))*fii(g3), P+(g2, g2)J^,(g2)) < ^5, 

where .^5 — as — ?■ and t — ?■ 00. Now part (b) follows from flll.37p . f lll.38p . and 

( irrrsj) . 

Proof of Proposition [TrT4l Without loss of generality, and to simplify the notation, 
we may assume that ^(^2) = P~^{q2,q2)^{q2)- (Otherwise, we can further compose 
with a reparametrization map at q'2 which will not change the result). We have 

fij(92) = (j O0g2)*/ij(g2) 

and 

fii(^2) = 0°(f>qO*fij(^'2) 

As in gSl let P+ : 'H+{q2) x W+{q2) ^ ^+(^2) x ^^^(^2) be given by 

(11.39) PHM,v) = (P+(g2,g2)-'oMoP+(g2,g^),P+(g2,g». 
Then, 

(11.40) P+(g2,g2)oj(M,i;) =j(P+(Af,tO) 
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We write A ^^^t B if d{A, i?) — )■ as ^ — )■ and t — )■ oo. Then, we have, by 
Proposition 111.11^ 

By (HElQ]), 
Therefore, 

Let 7r2 : 'H^(x) x I^+(a;) — )■ be projection onto the second factor. Then, 

applying 112 to both sides, we get 

(11-41) (vr2 O ) Jij(g2) (^2 O O 0g2)*/ii(^2)- 

For z G Z{q2), 7r2(0g2(^)) = -2, and thus in view of f lll.39p . 

(11.42) {■K2oP+o<p^^){z) P+(g2,g2)^- 

By assumption, we have Z{q2) = P^{q2,q2)Z{q2)- Then, similarly, for z G Z{q'2) = 
P+{q2,q'2)Z{q2), 

(11.43) (7r2o0,-,)(z) = z. 

Since fij{x) is Haar along U~^, we can recover fij{q2) from its restrictions to ^'(^2) and 
fij{q2) from its restriction to ^(gs)- It now follows from f lll.4ip . f lll.42p and f lll.43p 
that 

/y(^2) P^iQ2,q'2)Jij{q2)- 

□ 



11.3. Dense subgroups of Nilpotent Groups. Let iV be a nilpotent Lie group. 
For a subgroup F C A^, let F denote the topological closure of F, and let F" denote 
the connected component F^ containing the identity e of A^. Let B{x, e) denote the 
ball of radius e centered at x in some left-invariant metric on A^. 

Lemma 11.12. Suppose N is a (nilpotent) Lie group, and S G N is an (infinite) 
subset. For e > 0, let F^ denote the subgroup generated by S Ci B{e,e). Then there 
exists ei > and a connected closed Lie subgroup Ni of N such that for e < ei, 
F, = N^. 

Proof. Let e > be arbitrary. Since we have f ° C F^ for e' < e, there exists eo > 
such that for e < eo, dimF^ (and thus F^ itself) is independent of e. Thus there exists 
a connected closed subgroup Ni G N such that for e < eo, F^ = A^i. In particular. 



(11.44) 



f . D iVi. 
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From the definition it is immediate that T^^ is a closed subgroup of A^. By Cartan's 
theorem (see e.g. |Knl §0.4]), any closed subgroup of a Lie group is a closed Lie sub- 
group, and in particular, and A^^i = r^^^ are closed submanifolds of A^. Therefore, 
there exists ei < cq such that 

B{e, ei) n f = B{e, e,) D f °, = B{e, e,) D N^. 

Then, for e < ei < eo, 

r,ns(e,ei) cr,„nE(e,ei) CiVi. 
Therefore, C A^i, and hence F^ C A'^i. In view of (111.441) . the lemma follows. □ 

Lemma 11.13. Suppose N is a nilpotent Lie group, and let S G N be an (infinite) 
subset. For each e > letT^ G N denote the subgroup of N generated by the elements 
7 G 5 n B{e, e). Suppose that for all e > 0, F^ is dense in N. 

Then, for every e > there exist < 6 < e ( depending on e and S ) such that for 
every 7 G F51 with d{'-f, e) < 6 there exists n G N and for 1 < i < n elements 7^ G 5* 
with 

(11.45) 7 = 7„...7^ 

and for each 1 < j < n, 

(11.46) ci(7,-...7i,e) < e. 

Proof. We will proceed by induction on dimA^. Let A^' = [A^, A^] and let S' = 
[S n 5(e,e/4),5 n 5(e,e/4)] C A^'. For 5 > let F^ denote the subgroup of A^' 
generated by S' nB{e,6). Since (for sufficiently small 6) [B{e,6), B{e,6)] C B{e,6), 
we have, for 5 < e/4, 

D [f^J^ = [f Ts] = [N, N] = N'. 
Therefore, S' C A^' satisfies the conditions of the Lemma. Let e' > be such that 

(11.47) B{e, e')B{e, e') C B{e, e/100). 

Since dim A^' < dim A^, by the inductive assumption there exist < 6' < e' such that 
for any 7' G T'g, with (^(7', e) < 9', there exist 7^' G S' such that flll.45p holds, and 
(111.461) holds with e' in place of e. 

Suppose e > ?7 > 0. By construction, N/N' is abelian. Then, since = A^, there 
exists a finite set 

So = {\i,...,\k}cTr,ns 

so that XiN', . . . , AfcA^' form a basis over M for the vector space N/N'. Let A denote 
the subgroup generated by the Aj, and let F' C N/N' denote the parallelogram 
centered at the origin whose sides are parallel to the vectors AjA^'. Then F' is a 
fundamental domain for the action of A on N/N', and 

(11.48) diamF' = 0(r/). 
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Let No be a complement to N' in A^. We can choose Nq to be a smooth manifold 
transversal to A^' (Aq need not be a subgroup). Let vr : A^ — N/N' be the natural 
map, and let vr"^ : N/N' — Nq be the inverse. Let F = ir^-^^F'). We can now choose 
rj sufficiently small so that F C B{e, p), where ^' > p > 77 > is such that 

S(e, p)^ nN' = [5(e, p)B{e, p)B{e, p)B{e, p)B{e, p)] n N' C B{e, 9') n A^'. 

We now choose ^ > so that B{e,9) C FO where O G N' Ci B{e,p) is some 
neighborhood of the origin. We now claim that for any x G FO and any s G B{e,9), 
there exist A G SqUSq^ and 7' G T'g, such that 7'A'x G FO. Indeed, since B{e, 9)N' C 
FN', for any x G FN', 

B{x,9)N' C [j XB{x,9)N'. 

Thus, we can find A' G U Sq^ such that X'x G FN'. Since T'q, is dense in A^', there 
exists 7' G Fg, such that 7'A'a; G completing the proof of the claim. 
Now suppose 7 G Fe and 7 G B{e, 9) C FO. Then, we have 

(11.49) 7 = s„ . . . si, where G S* n fi(e, 61). 

Note that si G FO. We now define elements A^- G U Sq^ and 7^ G F^, inductively 
as follows. At every stage of the induction, we will have Xj = 'j'jSj . . . X'lj'iSi G FO. 
Suppose 7j,...,7j_]^ and X'^, . . . X'j^i have already been chosen. Now choose A^ G 
5*0 USo^"*^ and 7^- G Fg, so that xj = 'y'^X'^Xj-i G FO. Such A^- and 7^ exist by the claim. 
Note that 

7; = x,x-\{X'^r^ G {FO){FO)-\Sq U ^o^i) C 5(e,p)^ C B{e,9'). 

Since x„ = A^7^s„, . . . A'^7(si G FA^', we have A^s„...A'^si G FA^'. Also 7 = 
s„ . . . Si G B{x,9) C FA^'. Since FA^' is a fundamental domain for the action of 
A on N/N', X'^...X'^e N'. Thus, 

(11.50) 7 = 7'A:,7X---AWi^i, 
where 7' G A^'. We have 

^' = ^x-'eBie,9)iFOr'cBie,9'). 

For notational convenience, denote 7' by 7^_,_i. By the inductive assumption, for 
1 < 2 < n + 1, we can express 7^' = s'^^^ . . . s-„. such that s'^j G S" fl i?(e, ^') and so that 
for all i, j, 

dis'ij . . .s'i^,e) < e. 

We now substitute this into fill. 501) . Finally, we express each s'^j as a commutator 
of elements of S* fl B{e,e/A). Then, in view of (111.471) . the resulting word satisfies 

(nrm . □ 
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Proposition 11.14. Suppose N is a nilpotent Lie group, O a neighborhood of the 
identity in N, and fi a measure on N supported on O. Suppose S d N is a subset 
containing elements arbitrarily close to (and distinct from) e, and suppose for each 

(11.51) 7*/i oc 

on Or\'-j~^0 where both sides make sense. Then, there exists a connected subgroup H 
of N, such that for all h& H, h^fi oc fi. Furthermore, if U is a connected subgroup 
of N and S contains arbitrarily small elements not contained in U, then H is not 
contained in U . 

Proof. Let A'^i and ei be as in Lemma 111.121 By our assumptions on S", A'^i is 
non-trivial (and also A'^i is not contained in U). Now suppose e > is such that 
-B(e, e) C 0, and let 6' > be as in Lemma [11. 13^ with N replaced by A'^i. Without 
loss of generality, we may assume that 6 < ei. Let Vq be the subgroup of Ni generated 
by S nB{e,6). Since ^ < ei, is dense in A''i. Now suppose 7 G A''i, and (i(7, e) < 6. 
Then, there exists 7^ G Tg such that 7fc — )■ 7, and (i(7fc, e) < 6. We can write each 
Ik = 1k,n ■ ■ ■ 7fc,i as in Lemma 111.131 Then, by applying flll.Sip repeatedly, we get 
that {■yk)*fJ' oc fi. Then, taking the limit as — )■ 00 we see that (7)*/ioc/i. Thus, /i is 
invariant (up to normalization) under a neighborhood of the origin in A'^i. □ 

12. The Inductive Step 

Proposition 12.1. Suppose u is a P-invariant measure on X. Let the subspace 
jC~{x) C W~{x) be the smallest such that for almost all x, the conditional measure 
^w-ix] is supported on C~[x\. Write C~{x) = 7r~(£(x)), where C{x) C W{x) (see 
/ fO) and /fO)). 

Suppose U~^{x) is an system of subgroups of Q^{x) containing P C SL{2,M.) such 
that for almost all x, the conditional measures vu+ix] induced from the Haar mea- 
sure on U~^{x). Write U~^{x) = 7r+ o U{x) o (vr+)~^, where U[x] C see h2.3\) . 
Suppose C{x) (f_ U{x), where we identify the subspace C{x) with the group of transla- 
tions by vectors in the subspace. Then, there exists an equivariant system of subgroups 
Unewi^) (^f G+i.^) such that for almost allx, U^^^{x) strictly contains f/+(x) and the 
conditional measures Vu+ ^^.j are induced from the Haar measure on U^^^{x). 

The rest of §121 will consist of the proof of Proposition I12.ll We assume that C{x) 
and U{x) are as in Proposition 112. ll and that C{x) (f_ U{x). The argument has been 
outlined in §2.31 and we have kept the same notation (in particular, see Figured]). 

Let fij{x) be the measures on W~^{x) introduced in §111 Let P~^{x,y) be the map 
introduced in §4.2[ Proposition 112.11 will be derived from the following: 

Proposition 12.2. Suppose U , C are as in Proposition \12.1\ and C ^ U . Then there 
exists < (5o < 0.1, a subset C X with u{K^) > 1 — 8q such that all the functions 
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fij, ij G A are uniformly continuous on K^, and C > 1 such that for every e > 
there exists a subset E C JC with i^{E) > 5q, such that for every x E E there exists 



We now begin the proof of Proposition 112. 2[ 

Choice of parameters 7^1. Let e > be arbitrary and 77 > be arbitrary. Fix 
^ > as in Proposition 110.11 and Proposition 110. 2[ We then choose 5 > sufficiently 
small; the exact value of 5 will we chosen at the end of this section. All subsequent 
constants will depend on 5. (In particular, 5 <^ 9\ we will make this more precise 
below) . 

We will show that Proposition 112.21 holds with 5q = 6/10. Let C X be any 
subset with u{K^) > 1 — 5o on which all the functions fij are uniformly continuous. 
It is enough to show that there exists C = C{5) such that for any e > and for an 
arbitrary compact set Kqq C X with Kqq > (1 — 25o), there exists x G Kqq fl 
and y G Cij[x\ fl satisfying (112.11) and (112. 2p . Thus, let Kqq C X be an arbitrary 
compact set with u{Kqq) > 1 — 25q. 

We can choose a compact set Kq C Kqq fl Ji* with u^Kq) > 1 — 55o = 1 — 5o/2 so 
that Proposition 111.41 holds. 

Let K > 1 and £0 > be as in Proposition 17.41 Without loss of generality, assume 
5 < 0.01. We now choose a subset K <Z X with i'{K) > 1 — 6 such that the following 



• There exists a number To{S) such that for any x & K and any T > Tq{5), 



(This can be done by the Birkhoff ergodic theorem). 

• Proposition 18.51 (a) holds. 

• Proposition 110. ll holds. 

• There exists a constant C = C{5) such that for x G K., Cz{xY < C'(^) where 
C3 is as in Proposition 110. 2[ 

• Lemma holds for K = K{6) and Ci = Ci{6). 

• There exists a constant C = C'{6) such that for x G K, Ci{x) < C", C2{x) < 
C and C{x) < C where Ci{x), C2{x) and C{x) are as in Lemma [6.71 

• Lemma 16.81 holds for K. 




hold: 



{t G [-r/2,T/2] : gtx G Ko} > 0.9T. 



Let 



^^oo(gi) = "^00(91, ^00, 5, e. 



r/) = {t>0 : gtqieK}. 



For G A, let 



l^ijili) = l^ijiQi, Kqo, 6, e, 77) = {%(gi, t) : gtqi e K, t> 0}. 
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Then by the ergodic theorem and (19.51) . there exists a set K-p = Kv{Koo, v) with 
^(Kx)) > 1 — S and ix> = iT>{KQo,6,e,r]) > such that that for qi G Kx> and all 
ij G {00} U A, Vij{qi) has density at least 1 — 2k6 for i > i-p. Let 

E2{qi,u) = E2{qi, u, Koo, 5, e, r]) = {i : g^^^^^q^^u/)uqi G K}, 

Esiqi, u) = E3{qi,u, Koo, S, e, 77) = 

= {iEE2iquu) : Vzj G A, (wgi, f(e)(gi, M, £)) G 

Claim 12.3. There exists £3 = i3{Koo,6,e,ri) > 0, a set K3 = K3{KQo,S,e,ri) of 
measure at least 1 — 03(5) and for each qi E K3 a subset Q3 = Q3{qi, Kqq, i, S, e, 77) C S 
of measure at least (1 — 03(5)) such that for all qi G and u G Q3, the density of 
Esiqi, u) (after length i^) is at least 1 ~c'^{6), and we have c^^S), 03(5) and c'^{6) — )■ 
as S 0. 

Proof of claim. We choose = Ki fl Kd. Suppose qi G K3, and u G Qi{S, e), and 
uqi G K^. Let 

Ebad = {t : Qtuqi G K^}. 
Then, since uqi G Kd, the density of Ef,ad is at most 2k6. We have 

E2{quuy = {i : %){quuj) E Ebad}- 

Then, by Proposition 17.41 the density of E2{qi,u) is at least 1 — An'^S. 
Let 

V{qi,u) = 'D{qi,u, i^oo, e, r/) = {t : Vij G A, %(Mgi, t) E Vijiqi)}. 

Since qi E Kv, for each j, the density of Vij{qi) is at least 1 — 2n5. Then, by (19. 5p . 
the density of V{qi, u) is at least (1 — 4|A|fi:^5). Now 

E3(gi,n) = E2(gi,n) n {£ : f(,)(gi, n, £) G "^(91, n)}. 

Now the claim follows from Proposition I7.4[ □ 

Claim 12.4. There exists set V4 = V^^Kqo, 6, e, 77) C M.^ , a number £4 = £4(^00, ^5 v) > 

so that T>i has density at least 1 — 04(5) after length £4, and for i E a subset 
Ki{t) = Ki{i, Koo, 5, e, 77) C X with u{Ki{t)) > 1-04(5), such that for any qi E K^^t) 
there exists a subset Q^{qi,tj C B with density at least 1 — c'l{5), so that for all 

1 E V^i^i), for all qi E K^ii) and all u E Qi{qiJ), 

(12.3) i E E^iq^.u) <Z E2{qi,u). 



(We have Ci{5), c!^{5) and c'l{5) as 5 ^ 0). 
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Proof of Claim. This follows from applying Fubini's theorem to X x i3 x M. □ 

Suppose £ G 1^4. We now apply Lemma with K' = g^iK^^tj and ei = c'^{S) 
as in the last statement of Lemma 15 .21 We denote the resulting set K by K^{t) = 
K^i^i, Ko(),6,e,ri). In view of the choice of ei, we have u^K^^i)) > 1 — 05(5), where 
€5(6) and c'^{6) as 5 0. 

Let V5 = Vi and let Kfs{i) = geK^iE). 

Choice of parameters 7^2: Choice of q, q', q[ (depending on 6, e, gi, £). 

Suppose £ E and qi G Keii). Let q = g^iqi- Then, q G K^{tj. Let A{q,u,£,t) 
be as in ^ and for u G Qiiqi) let A4.u be the subspace of Lemma 15.11 applied to 
the linear map A{qi, u, i, f(^e){qi, u,i)). By Lemma [5l2] and the definition of K5{i), we 
can choose q' G C~[q] fl Q-iK^ with p\5) < d{q, q') < 1 and so that (15. 8p holds with 
ei((5) = 4(5). Let q[ = g^qi. Then q[ G K^. 

Standing Assumption. We assume £ G 2^5, gi G Kq^I) and g, g', q[ are as in Choice 
of parameters 7^2. 

The maps il), tjj". For u E B, let 

V'(m) = gr^,^(cii,u,i)uqi, ijj'iu) = g^,^igj,u,i)uq[ ijj" (u) = gf^^^^g'^^u/)uq[. 
Claim 12.5. We have 

(12.4) ^iQ^iqiJ)) C K, and riQ^iq'iJ)) C K. 

Proof of Claim. Suppose u G QA{qi,i)- Since gi G and £ G P4, it follows from 
(112. 3p that i G E2{qi,u), and then from the definition of E2{qi,u) is follows that 
i!{u) G K. Hence ^(Q4(gi,^)) C K. Similarly, since q[ G K4, ^p"{Q4,{q[,i)) C A', 
proving ffT2^ . □ 

The numbers and t^^-. Suppose u G (54(gi,^), and suppose «j G A. Let tjj be 
defined by the equation 

(12.5) %(Mgi,f(,)(gi,M,£)) = fyiqi^Uj), 

Then, since £ G 1^4 and in view of (112.31) . we have i G E^{qi,u). In view of the 
definition of i?3, it follows that 

(12.6) gu^q^ G K. 

Similarly, suppose u G Q4(gi,^) and ij G A. Let t-^ be defined by the equation 

(12.7) fij{uq[,^^){q[,u,^)) = %(gi,t-^-)- 
Then, by the same argument, 

(12.8) g,a[ G K. 
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The map v(m) and the generaUzed subspace hl{u). For u & B, let 

v(w) = ^(g,M,£,t)(F(g)-F(g')) 

where t = f(e)(gi, u, F is as in ^ and A{-, ■,-,■) is as in §6.11 Then, if v(u) = 
j(M", v") let = W^(„)(M", t/') denote the generalized affine subspace correspond- 
ing to v(n). Thus, U{u) is the approximation to U^[tp'{u')] defined in Lemma [6.71 

Claim 12.6. There exists a subset = Q^{qi,i,KoQ,6,e,ri) C B with IQsl > (1 — 
C5(5))|i3| (with c'^{S) —7-0 as 6 0), and a number = £5(6, e) such that if i > £5, 
for all u ^ Qq, there exists u' ^ B such that 

(12.9) Ci(5)e < hd^(^){U+[ilj{u)lU+[ilj\u')]) < C2(5)e, 

(12.10) hd^^^){U+W{u%U{u)) < C7(5)e-"^ 
where a depends only on the Lyapunov spectrum. Also, 

(12.11) C[{6)e < Mu)\\ < C',{6)e, 

Proof of claim. Let Q5 C Q4 be such that for all u G Q5, d{u, OB) > 6, and 

(12.12) d{Fiq)-F{q'),Mu)>m 

where F is as in ^ ans Ai^ be the subspace of Lemma [5. II applied to the linear map 
A{qi, u, i, f(^^){qi, u, i)) , where A{, , ,) is as in ^ Let Q'^ denote the set of u G (^4 
such that (112. 12p holds for u. Then, by the choice of q', 

m>m-c',i6)>l-c',i5)-c',{6). 

Then, Q5 = {u e Q'^ : d{u, dB) > 6}, hence IQsl > (1 - 4(5) - c'^iS)) - CnS, where 
On depends only on the dimension. 

Suppose u G Q5. Then, by Lemma 16.81 we have d{u,u') = Os{e~°'^). Then, 
assuming i is sufficiently large (depending on 6) we have u' G B. 

We have C{6)-h < \\A{qi,u, i,t)\\ < C{S)e by the definition of t = f^,){qi,u,i). 
We now apply Lemma ISTT] to the linear map A{qi,u,£,t). Then, for all u G Q5, 

c{6)\\A{quuJ,t)\\ < M(gi,M,£,t)(F(g)-F(g'))|| < \\A{quU,i,t)\\- 
Therefore, 

C'i5r'e < \\Aiq,,u,i,t)iF{q) - F{q'))\\ < C'i5)e 

This immediately implies (112. lip , in view of the definition of v(u). We now apply 
Lemma 16. 7[ (We assume e is sufficiently small so that fl6.18p holds) . Now (112. 9p 
follows from flOTD . Also ffT230|) follows from f l639|) . □ 

Claim 12.7. There exists a subset QQ{qi,i) = Qe{qi,£, KQQ,6,e,ri) G B with \QQ{qi, i)\ > 
{1 — Cq{6))\B\ and with Cg(5) — )■ as 5 — such that for all u G Qe^qi, i) there exists 
u' G QA{q[,e) such that (MW and HJAR) hold. 
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Proof of Claim. We decompose B = \_\f=iPj, B = U^li -^j so that for u E Pj, 
u' e Pj, and and (|T210ll hold. By Lemma ESI i^-^\Pj\ < < i^\Pj\, 

where k depends only on the Lyapunov spectrum. Then, applying Lemma 17.51 with 
Q = Qbili:^), Q' = Q4:{<liJ^), the claim follows. □ 

Claim 12.8. There exists a constants C7(5) > and Cj{6) with 07(5) — t- and €^{6) 
as 5 — and a subset Kj = KY{KQQ,6,e,r]) with vi^Kj) > 1 — Cj{5) such that for 
qi e Kj{6), 

\B{q,)nQ,iq,,i)\>{l-c',mi3{qi)\. 

Proof of Claim. Given S > 0, there exists c"{S) > with c"{S) and 
a compact set Kj C X with i^{Kj) > 1 — Cj{6), such that for qi G Ky, 1-6(51)1 > 
4(5)1/2 1^1 . rj.^^^^ qiEK'-^DKe, 

\B{q,)nQ,{qum < mqum<c',{S)\B\<c',{6y/'\B{q^)\. 
Thus, the claim holds with 07(5) = C(i{5) + c'^{5) and c'j{5) = c'^iSy/^. □ 

Standing Assumption. We assume that qi E Kj. 

Claim 12.9. There exists a subset Q^{qi, i) = Q^{qi,i, Koo,S,e,ri) C Qi^qi.t) with 
IQ7I > (1 — C7(5))|i3(gi)| such that for u E Q"^ and any t > £7(6) we have 

muq,)nQ■,{q^,i)\ > {1 - c;mBt{uq,)\, 

where Cj{S) -> as S ^ 0. 

Proof. This follows immediately from Lemma ISTTTl □ 

Claim 12.10. There exist a number ig = ig{KQQ,6,e,ri) and a constant Cs{5) with 
cs{S) as 6 and for every i > is a subset Qs{qi,i) = Qsiqiyi, Koo,6,e,r]) C 
B[qi] with \Q8{qi,i)\ > (1 ~ C8(5))|i3[gi]| so that for u E QsiQi,^) we have 

(12.13) d (^-^^y ^mu))^ < Cs{S)e-"'', 

where a' depends only on the Lyapunov spectrum. 

Proof of claim. Let L' > L2{6) be a constant to be chosen later, where L2{S) is 
as in Proposition 18.51 (a). Also let is = hi^,^, Kqq,!]) be a constant to be chosen 
later. Suppose i > ig, and suppose u E Qj{qi,i), so in particular ip{u) E K. Let 
t E [L', 2U] be such that Proposition 18.51 (a) holds for v = v(m). 

Let Bu C B{qi) denote Br^^^(^gj^^u/)-t{uQi) , (where Bt{x) is defined in §3]). Suppose 
Ml E Bu n Q7{qi,i), and write 

^(mi) = 9sU29^^ipiu). 



no 
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Then, U2 G B{g^^ip{u)), t < 2L' and s < kL', where k depends only on the Lyapunov 
spectrum. Since u G Qeiqi^i) we know that there exists u' E B such that ( 112. 9p and 
(112. lOp hold. Therefore, for some u\ G 

hd^^u,){{9sU2gt')U{u),U+[ij'{u\)]) = ©(e'^'^'e-^O, 

where n' and a depend only on the Lyapunov spectrum. Thus, using (112. lOp at the 
point ip{ui) G K and using Lemma [6.6[ 

Therefore, 

(12.14) \\{g,u,g~%^,{u)-^,{u,)\\ = O(e-'^'e-"0. 

In view of ffT2TB . ||v(ni)|| ^ e. Thus, 

i9sU2gr^)*viu) v(ni) 



\\igsU2gt^)*y^iu)\\ ||v(ni) 

But, by Proposition 18.51 (a), for 1 — 5 fraction of U2 G B{g^^ip{u)), 

{gtU2g-s)*viu) 



d 



E(V^(mi) < C{6)e 



-aU 



\\{9tU2g~s)*^{u 

Note that 

^(^rV(^)) = 9%^{quu/)~tBu 

Therefore, for 1 — 6 fraction of Ui G Bu, 

v(mi) 



;i2.15) 



d 



E{^{ui)) <C{e,6)[e 



We can now choose L' > depending only on I and the Lyapunov spectrum and 
^8 > so that for l> the right-hand-side of the above equation is at most e~" ^ . 

The collection of balls {_B„}„gQ*(g^^£) are a cover of Qg(gi, £). These balls satisfy the 
condition of Lemma [3.91 (b); hence we may choose a pairwise disjoint subcollection 
which still covers Q\[(i\^l\ Then, by summing (112. 15p . we see that (112. 13p holds for u 
in a subset Q% C B\q\\ of measure at least (1 — C8((5))|i3[gi]| = (1 — 5)(1 — C7(5))|i3[gi]|. 

□ 



Claim 12.11. There exists a subset Ql{qi,i) = Ql{qi,i,KoQ,S,e,r]) C Qsiqi,^) with 
IQll > (1 ~ Cg(5))|i3(gi)| such that for u e Ql and any t > is{6) we have 

\Bt{uq,) n Qs{qi,i)\ > (1 - c;mi3t{uq,)\, 



where cl{6) — )■ as 5 — )■ 0. 
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Proof. This follows immediately from Lemma 13.111 □ 

Choice of parameters 7^8: Choice of 5. Let 9' = (6'/2)", where 9 and n are as 
in Proposition llO.il We can choose 5 > so that 

(12.16) 4(6) < 9'/2. 

Claim 12.12. There exist sets Qg^qi^i) = QQ{qi,£, KQQ,S,e,ri) C Ql{qi,i) with 
\Q9{qiJ)\ > i0'/2){l - 9'/2)\B{qi)\ and ig = i9{Koo,S,e,r]), such that for £ > ig 
and u G Qg{qi,tj, 

(12.17) d I ^1^, U E[,,.],,,,(V;(n)) J < 4r/. 

Proof of claim. Suppose u G Ql,{qiit)- Then, by (112. 13p we may write 

v(m) = v'(m) + v"(m), 

where v'(n) G E(?/'(n)) and ||v"(n)|| < (7(5, e)e~°'^. Then, by Proposition 110. ll ap- 
plied with L = LQ{6,ri) and v = v'(n), we get that for a at least 6''-fraction of 
y G J'^>[ij{u),L], 

I R{i^{u),yy{u) II ( \ ^0 

^ IIP/ If \ N // MP U ^[ij]Md{y) < 2r/. 

\\\Rmu),y)^'{u)\\ I 

Then, for at least 6''-fraction of y G J^^'H'i'u), L], using Lemma [33| 

where N is as in Lemma [3751 Let Bu = Br^^^(^q^^u,e)-L{uqi). In view of (112. 14p and 
fll2.1ip there exists C = C(e, 6) such that 

J^AHu). L]nK C gi^c,c]'^iBu) and ip{Bu) D K C gi^c,c]J^A'^iu), L] 

Then, by ffT238|) and f lT2A6|) . for (^72)-fraction of Ui G tp{ui) G and 

( ll^mtt!"'!!"!"!!! ' U E|«,,«.W'(«0)1 < C,(M)|3, + e--.--),] 

I ||i?(V'(u),7/'(ni))v(n)|| ' ' / 

\ UGA / 

Then, by (HJl^ . for (^72)-fraction of mi G 5„, 

I U E[,,],,,,(V;(nO) J < C,{e, 6)[3rj + e^^^e""'^ + e""'^]. 
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Hence, we may choose £9 = ig{Koo, e, 6, 77) so that for i > ig the right-hand side of 
the above equation is at most At]. Thus, (112. 17p holds for (6''/2)-fraction of ui G B^- 

The collection of balls {Bu}ueQi{qi,i) are a cover of Ql{qi, i)- These balls satisfy the 
condition of Lemma [3.91 (b); hence we may choose a pairwise disjoint subcollection 
which still covers Ql{qi,(i)- Then, by summing over the disjoint subcollection, we see 
that the claim holds on a set E of measure at least {9'/2)\Ql\ > {9'/2){l - cl{6)) > 



Choice of parameters #4: Choosing i, qi, q, q', q[. Choose i > ig{KQQ,e,6,ri). 
Now choose qi G Ky, and let q, q', q[ be as in Choice of Parameters #2. 

Choice of parameters 7^5: Choosing u, u', q2, q2, (l3,iji Q-nj (depending on qi, 

q[, u, £). Choose u G QgiqiJ), u' G Qiiq[J) so that (IIT9|) and f irTTOj) hold. We 
have ip{u) C K and iIj"{u') G K. Note that in view of (112. 9p . 



{9'/2){l-e'/2). 



□ 



f(,)(gi,u',£)-r(,)(g;,n',£)| =0(5), 



therefore. 



ip'{u') G g[-c,c]K, 



where C = C{6). 



By the definition of K we can find 6*4(5) and s G [0, C*4(5)] such that 
(12.19) q2 = gsHu) e Ko, q', = g,i,'{u') G K^. 

Let ij G A be such that 



(12.20) 




Also, in view of Lemma [6.71 and (19. Sp . 



U,-t'J<C,{5). 



Therefore, by (112.60 and (112. 8p . we have 

gu.qi e and gt^^q[ G ^[_C75(5),C5(5)]^- 



By the definition of we can find s" G [0, 6*5 (5)] such that 
(12.21) gg^ij = gs"+ujqi e Kq, and q'^^^j = gs"+u,q'i G i^o- 

Let T = s + T(e)(gi, u, i), r' = s" + Uj. Then, 



q2 = gruqi, q'2 = gru'q'i, q3,ij = fi'r'gi, q3,ij = gr'q'v 



We may write q2 = gt^uqi, q'^ ^j = g^lqi. Then, in view of (112.71) . 

|r-r'| <C*6(5). 



Taking the limit as — 0. For fixed 6 and e, we now take a sequence of 77^ — 
(this forces Ik — ^ 00) and pass to limits along a subsequence. Let q2 G Kq be the 
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limit of the g2, and ^ ^^o be the hmit of the gg- We may also assume that along 
the subsequence ij G A is fixed, where ij is as in f ll2.20p . We get 

1 



-6<H-,(f/+[g2],f/+[g1])<C(5)e, 



C{6) 

and in view of ^2Q^, 

q2 e Cij{q2). 
Now, by Proposition 111.41 (c). we have 

We have q2 E Kq G Kqq fl i^T*, and q'2 & Kq <Z K^,. This concludes the proof of 
Proposition fT2:2l □ 

Applying the argument for a sequence of e's tending to . Take a sequence 
e„ — )■ 0. We now apply Proposition 112.21 with e = e,„. We get, for each n a set 
En C Kt, with v{En) > So and with the property that for every x & En there exists 
y G Cij{x) n JC such that (^Mil and (JH^l) hold for e = e„. Let 

00 00 

F=f][jEnCK,, 

k=l n=k 

(so F consists of the points which are in infinitely many En). Suppose x G -F. Then 
there exists a sequence yn ^ x such that ?/„ G ?/.„ ^ and so that 

fijiyn) oc P{x,yn)*fij{x). Then, (on the set where both are defined) 

fiji^x) OC (y^n) * fij {x) , 

where 7,^ G ^+(a;) is the afiine map whose linear part is P{x,yn) and whose trans- 
lational part is ?/„ — x. (Here we have used the fact that yn G Cjj[a;], and thus by 
the definition of conditional measure, fij{yn) = (z/n — x)^fij{x), where (?/„ — x)* : 
W~^{x) — >■ W~^{x) is translation by — x.) 

Let Bq denote the unit ball in the stabilizer Q+{x) of x in Q^{x). Let i/g denote 
the measure on Q+{x) which is the Haar measure on Bq and zero outside of Bq. Let 
Q'{x) be a (analytic) complement to Q+{x) so that (locally) Q+{x) = Q'{x)Q+{x). Let 
TT : ^+(x) — )■ iy+[x] X (5+ (2^) be the map which takes g'q — )■ {g'x, q) where g' G Q'{x), 
q G (5+ (a;). Let fij{x) denote the puUback of fij{x) x z/g under tt. Then, /jj(x) is a 
measure on ^+(x) which satisfies 

{.ln)Jij{,x) OC /ij(x) 

on the set where both are defined. Then, by Proposition I11.14[ for x G -F there 
exists a connected subgroup U^ewi.^) which strictly contains U^{x) such that for 
u G f/^g^(x), (on the domain where both are defined), 

(12.22) («),4(x) = e^("'^)4(x). 
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where the normahzation factor x) is a measurable M- valued cocycle. Since z^(-F) > 
60 > and Qt is ergodic, for almost all x & F there exist arbitrarily large t > so 
that (yf-tX G F. Then, (112. 22p implies that I3{u,x) = almost everywhere (cf. |BQ[ 
Proposition 7.4(b)]). Therefore, for almost all x G -F, the conditional measure of u 
along the orbit ?7^g^[x] is the push- forward of the Haar measure on U^^^{x). Since 
z/(F) > 60 > 0, by the ergodicity of gt, this statement holds for almost all x. This 
completes the proof of Proposition 112. 1[ □ 



13. Proof of Theorem 12.11 

Let C be as in ^(or Proposition 1 1 2 . 1 p . Apply Proposition 1 1 2 . 1 1 to get an equivariant 
system of subgroups U^ewi^) G+{x), such that for almost all x, the conditional 
measures z/^+ (x) are induced from the Haar measure on f/^^(a;). We now rename 
Unew{x) to be U{x). We may assume that the subspaces U{x) are AiV-equi variant, 
since otherwise we can enlarge them further. We identify C{x) with the subgroup 
of translations by elements of C{x). Then, we may consider C{x) to be a subgroup 
of the affine group Q+{x). If C{x) (/l U{x) we can (in view of Proposition 16.91) apply 
Proposition 112. II again and repeat the process. When this process stops, the following 
hold: 

(a) nix) C f/frans(x), where Utrans{x) is the maximal pure-translation subgroup 
oiU{x). 

(b) The conditional measures i^u+ix] are induced from the Haar measure on [/"'"[a;]. 
In particular, the conditional measures on the subspaces Utrans[x] are Lebesgue. 

(c) The subgroups U{x) and the subspaces Utransi.^) are AA^-equivariant. The 
subspaces C~{x) are A-equivariant. 

(d) The conditional measures z^vk-[x] are supported on 

Let H]_ denote the subspace of H^{M, S, M) which is orthogonal to the SL{2, M) orbit, 
see (12.11) . Let / denote the Lyapunov exponents (with multiplicity) of the cocycle in 
Utrans H H]_, J C I dcuote the Lyapunov exponents of the cocycle in £ fl H]^. Since 
Utrans H H]_ IS AA^-iuvariaut, by Theorem IA.3I we have, 

(13.1) $^A, >0. 

Set t = 1. We now compute the entropy of gt- We have, by Theorem IB. 7( i) 

(13.2) h,{gt, iy+) > 2 + ^(1 + A,) = 2 + |/| + ^ A, > 2 + |/| 
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where the 2 comes from the direction of N, and for the last estimate we used (113. ip . 
Also, by Theorem 16.7( 11). 

-hu{g^t, W") < 2 + ^^(1 — Aj), where the 2 Is the potential contribution of N 

< 2 + ^(1 - Xi) since (1 - A^) > for all z 
(13.3) <2 + |/| by ffmi) 

However, hu{gt,W^) = hu{g-.t,W~). Therefore, all the Inequalities In (113. 2p and 
(113. 3p are In fact equalities. In particular, I = J (I.e. £ = Utrans), and 

By Theorem IB. 7( 11). this Implies that the conditional measures i^c-i^) are Lebesgue, 
and that u Is iV-lnvarlant (where N Is as In §l.ip . Hence u Is S'L(2, M)-lnvarlant. 

By the definition of C~, the conditional measures i^w-[x] are supported on 
Thus, the conditional measures i^w-[x] are (up to null sets) precisely the Lebesgue 
measures on Since u is S'L(2, ]R)-invariant, we can argue by symmetry that 

the conditional measures I'w+ix] are precisely the Lebesgue measures on the smallest 
subspace containing f/"''[a;], and hence U~^[x] = Utrans[x]- Since Utrans = this 
completes the proof of Theorem 12.11 □ 



14. Random Walks 

We choose a compactly supported absolutely continuous measure /i on 5'L(2,R). 
We also assume that fi is spherically symmetric. Let u be any ergodic /i-invariant 
stationary measure on X. By Furstenberg's theorem |NZt Theorem 1.4] 

Jo 

where rg is as in §l.ll and Uq is a measure invariant under P = AN C SL(2, M). Then, 
by Theorem 12. H is 5*1/(2, M)-invariant. Therefore the stationary measure u is also 
in fact S'L(2, M)-invariant. 

By Theorem 12.11 there is a 5*1/(2, M)-equivariant family of subspaces U{x) C 
H^{M, S,R), and that the conditional measures of u along Uc{x) are Lebesgue. 

Lemma 14.1. There exists a volume form dVol{x) on U{x) which is invariant under 
the 5L(2,R) action. 

Proof. The subspaces p{U{x)) form an invariant subbundle p{U) of the Hodge 
bundle. By Theorem I A. 61 (a), (after passing to a finite cover) we may assume that 
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p{U) is a direct sum of irreducible subbundles. Then, by Theorem IA.6I (b) From we 
have an decomposition 

p{U{x)) = Usymp{x) © Uo{x) 

where the symplectic form on Ugymp is non-degenerate, the decomposition is orthog- 
onal with respect to the Hodge inner product, and Uq is isotropic. Then, by Theo- 
rem IA.5I and Theorem IA.4I the Hodge inner product on Uq is equivariant under the 
SL{2,M.) action. Then we can define the volume form on p{U) to be the product of 
the appropriate power of the symplectic form on Usymp and the volume form induced 
by the Hodge inner product on Uq. Since the cocycle acts trivially on kerp, the nor- 
malized Lebesgue measure on kerp is well defined. Thus, the volume form on p{U) 
naturally induces a volume form on U . □ 

Remark. In fact it follows from the results of [AEMj that Uq is trivial. 

Lemma 14.2. There exists an SL{2,M.)-equivariant suhhundle p{U)-^ C H^{M,M.) 
such that 

(14.1) p{U{x)) © p{U{x))^ = H\M, R). 

Proof. This follows from the proof of Theorem IA.6I □ 

The subbundles C^. By Theorem IA.6I we have 

(14.2) p(f/(x))^ = 0A(x), 

where for each /c, is an 5-^(2, M)-equivariant subbundle of the Hodge bundle. 
Note that Ck{x) is symplectically orthogonal to the SL{2,M.) orbit of x. In view of 
Theorem IA.6I we may also assume that on any finite cover of X each does not 
contain a non-trivial proper 5'L(2, ]R)-equivariant subbundle, i.e. that the restriction 
of the Kontsevich-Zorich cocycle to each Ck is strongly irreducible (see Definition [C]2]). 
If U has nontrivial intersection with the kernel of p, then we let Aq = 0, and let 
A = AU{0}. 

The Forni subbundle. Let 

F{x) = [j Ck{x). 

{k : Afe=0} 

We call F{x) the Forni subspace of /i. The subspaces F{x) form a subbundle of 
the Hodge bundle which we call the Forni subbundle. It is an S'L(2, M)-invariant 
subbundle, on which the Kontsevich-Zorich cocycle acts by Hodge isometries. In par- 
ticular, all the Lyapunov exponents of F{x) are 0. Let F-^{x) denote the orthogonal 
complement to F{x) in the Hodge norm. By Theorem IA.9I (b), 

F\x) = U C,{x). 

{k : Afc^^^O} 
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The following is proved in |AEM] : 

Theorem 14.3. There exists a subset $ of the stratum with z^($) = 1 such that for 
all X E ^ there exists a neighborhood lA (x) such that for all y & U {x) fl $ we have 
p{y — x) E F^{x) . 

The backwards shift map. Let B be the space of (one-sided) infinite sequences of 
elements of SL{2,M.). (We think of B as giving the "past" trajectory of the random 
walk.) Let T : B B he the shift map. (In our interpretation, T takes us one step 
into the past). We define the skew-product map T: BxX^BxXhj 

T{b, x) = (Tb, bQ^x), where b = {bo, bi, . . .) 

(Thus the shift map and the skew-product map are denoted by the same letter.) We 
define the measure /3 on i? to be /i x /i . . . . 

For each /c G A, we have the Lyapunov flag for T 

{0} = Vi'^ C Vl'\b,x) C . . . V^':\b,x) = Cu{x). 

The two-sided shift space. Let B denote the two-sided shift space. We denote 
the measure ...x/iX/iX... onS also by (3. 

Notation. For a,b E B let 

(14.3) a\/ b = {. . . ,a2,ai,bQ,bi, . . .) E B. 

li u = aW b E B, we think of the sequence 

. . . ,w_2,w_i = ...a2,ai 



as the "future" of the random walk trajectory. (In general, following BQ , we use 
the symbols b, b' etc. to refer to the "past" and the symbols a, a' etc. to refer to the 
"future"). 

The opposite Lyapunov flag. Note that on the two-sided shift space B x X, the 
map T is invertible. Thus, for each a\/ b E B, we have the Lyapunov flag for T~^: 

{0} = V,^'^ c Vl'\a,x) C . . . V^^\a,x) = A.(x), 

(As reflected in the above notation, this flag depends only on the "future" i.e. "a" 
part of a V 6) . 

The top Lyapunov exponent A^. Let > denote the top Lyapunov exponent 
in Ck. Then, (since T steps into the past), for v E v}''\b,x), 

(14,4) ,tai,ogE!(^ = _X. 

n-5>oo n \\v\\ 

In the above equation we used the notation T"(6, x)* to denote the action of r" (&, x) 
on H\M, M). 
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Also, for V G V^^^li(a, x), for some a > 0, 

1 ||T-'^(aV6,x),t;|| ^ 
lim — log T — T < \k — a. 

Here, a is the minimum over k of the difference between the top Lyapunov exponent 
in £fc and the next Lyapunov exponent. 

The following lemma is a consequence of the zero-one law Lemma [C.9( i): 

Lemma 14.4. For every 5 > and every 5' > there exists Egood C X with 

y{Egood) > 1 — 5 and a = a{6, 6') > 0, such that for any x G Egood, o-ny k and 
any vector w G F^{Ck{x)), 

(14.5) /3 ({a G 5 : d{w, V;^,^li(a, x)) > a}) > 1 - <5' 

(In (114. 5p . d{-, ■) is some distance on the projective space P^(i7^(M, M))). 

Proof. It is enough to prove the lemma for a fixed k. For F C Gr„j.„i(£fc(x)) (the 
Grassmanian of — 1 dimensional subspaces of Ck{x)) let 

e\F) = p[{aeB : V;^li(a, x) G F}) , 

and let P'-'^^ denote the measure on the bundle X x Grnf.~i{Ck) given by 

dv^^\x,L) =dv{x) di)'^\L). 

Then, 0^^^ is a stationary measure for the (forward) random walk. For w G P"'^(£fc(x)) 
let I{w) = {L e Gr„^„i(£fc(x)) : w e L}. Let 

Z = {x^X : z>W(/(w)) > for some w G P^(£fc(x))}, 

Suppose y^Z) > 0. Then, for each x E Z we can choose Wx G P^(£fc(a;)) such that 
i>i''\l{wx))>0. Then, 

(14.6) z/^'^) l[j{x}xl{wx)] >0. 

Therefore, ( 114.60 holds for some ergodic component of However, this contradicts 
Lemma [Q9] (i). since by the definition of Ck, the action of the cocycle on Ck is strongly 
irreducible. Thus, i^iZ) = and i'{Z'^) = 1. By definition, for all x E Z'^ and all 
w G Ck{x), 

l3(^{aeB : w G t>[Jli(a,x)}) = 0. 
Fix X G Z'^. Then, for every w G F^{Ck{x)) there exists ao{x,w,6') > such that 
/3(^{aeB : d{vi^J_^{a,x),w) > 2ao(x, w;, 5')}) >l-S'. 
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Let w) = {2 G P^(£fc(x)) : d{z,w) < ao{x,w,6')}. Then the w)}^gpi(£^(^)) 
form an open cover of the compact space F^{Ck{x)), and therefore there exist Wi, . . .Wn 
with F^{Ck{x)) = [j^^^U{x,Wi). Let cri(x,5') = minj (To(x, Wj, 5'). Then, for all 
X e 

^(^{aeB : c/(Kf^li(a,x),w;) >(Ti(x,<5')}) > 1 -5'. 

Let En{S') = {x e : > Since U^=i^w(^') = and = 1, 

there exists = N{6,6') such that u{En{S')) > 1 - 5. Let cr = and let 

Egood = -E'tv- □ 

Lyapunov subspaces and Relative Homology. The following Lemma is well 
known: 

Lemma 14.5. The Lyapunov spectrum of the Kontsevich-Zorich cocycle acting on 
relative homology is the the Lyapunov spectrum of the Kontsevich-Zorich cocycle act- 
ing on absolute homology, union n zeroes, where n = kerp. 

Let Ck = P'^iCk) C H^{M, S,M). We have the Lyapunov flag 

{0} = Vi'^ C Vl'\b,x) C . . = C,{x), 

corresponding to the action on the invariant subspace Ck C iJ^(M, S,]R). Also for 
each a ^ B, we have the opposite Lyapunov flag 

{0} = V,^'^ c Vl'\a,x) C . ..Vff{a,x) = Ck{x), 
Lemma 14.6. Suppose Xk 7^ 0. Then for almost all {b,x), 

p{V}'\b,x)) = vl'\b,x), 
and p is an isomorphism between these two subspaces. Similarly, for almost all {a,x), 

v£Ua.x)=p-\v!;^,{a,x)). 

Proof. In view of Lemma 114.51 and the assumption that Afc 7^ 0, Xk is the top 
Lyapunov exponent on both Ck and Ck- Note that 

(14.7) vl'''^ = {veCk : limsup-log^^<-Afe.} 

t^oo t \\V\\ 

Also, 

(14.8) V,^"'^ = {v e Ck : limsup-log^^<-Afc.} 

t^oo t \\V\\ 

It is clear from the definition of the Hodge norm on relative cohomology (lA.ip that 
||p('y)|| ^ C\\v\\ for some absolute constant C. Therefore, it follows from (114. 8p and 
( HJl} that p{vl''^) C V}''l But by Lemma [HSl dim(y/*^^) = dim(y/''^). Therefore, 

y{k) ^ y{k)^ ^ 
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Remark. Even though we will not use this, a version Lemma 114.61 holds for all 
non-zero Lyapunov subspaces, and not just the subspace corresponding to the top 
Lyapunov exponent A^. 

The action on H^{M, S, C). By the multiplicative ergodic theorem applied to the 
action of SL{2, R) on for /3-almost all be B, 

(To = lim -log\\bo. ■ .bn\\ 

n— >-oo 77, 

where o"o > is the Lyapunov exponent for the measure fi on SL{2, M). Also, by the 
multiplicative ergodic theorem, for /3-almost all 6 G -B there exists a one- dimensional 
subspace W+{b) C such that v G W+{b), 

lim — log \\b^^ . . . &o II = — ctq. 

n— >oo n 

For X = (M, u) let : ^ H^{M, M) denote the map {a,b) aKex + b Im x. Let 
1^4^(6, x) C H\M,E,R) be defined by 

W^{b, x) = {ve H\M, S, M) : p{v) A w = for all w G i^{W+{b)), } 

and let 

W+{b,x) = W+{b)0H\M,E,R). 

Since we identify O H^{M,E,R) with ifi(M, S,C), we may consider W+{b,x) 
as a subspace of if^(M, S,C). This is the "stable" subspace for T. (Recall that T 
moves into the past). 

For a "future trajectory" a G -B, we can similarly define a 1-dimensional subspace 
W-{a) C such that 

lim — log ||a„ . . . aiv\\ = — ctq for v G W-{a). 

Let A : 5L(2,M) x X ^ Hom{H\M,J:,R),H\M,^,R)) denote the Kontsevich- 
Zorich cocycle. We then have the cocycle 

A : SL{2, R)xX ^ Hom{H\M, S, C), H\M, S, C)) 

given by 

A{g, x){v ® w) = gv ^ A{g, x)w 

and we have made the identification H^{M, S, C) = (g) H^{M, S, M). This cocycle 
can be thought of as the derivative cocycle for the action of SL{2,R). From the 
definition we see that the Lyapunov exponents of A are of the form icjo -|- Aj, where 
the Aj are the Lyapunov exponents of A. 
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15. Time changes and suspensions 

There is a natural "forgetful" map / : — )■ . We extend functions on B^ 
to B^ by making them constant along the fibers of /. The measure (3 x u is a. 
T-invariant measure on B x X. 

The cocycles 6j. By Theorem IA.61 the restriction of the Kontsevich-Zorich cocycle 
to each Cj is semisimple (in fact simple). Then by Theorem IC.51 the Lyapunov 
spectrum of T on each Cj is semisimple, and the restriction of T to the top Lyapunov 
subspace of each Cj consists of a single conformal block. This means that there is a 
inner product {,)j,b,x defined on W+{b) ^ vl^-'\b,x) and a cocycle 6j : B x X ^ W 
such that for all u,v e W+{b) (g) V-I;^\b, x), 

(15.1) {Aib^\x)u,Aib^\x)v)^^^,^,-., = e~'^^'^^\u,v),,,,., 

To handle relative homology, we need to also consider the case in which the action 
of A{-,-) is trivial. We thus define an inner product {,)o,b on M^, and a cocycle 
6*0 : 5 M so that for u, v G W+{b), 

(15.2) {b^'u,b^'v)o,Tb = e-'°^''\u,v)o,b, 
For notational simplicity, we let 6'o(fc, x) = 6o{b). 

Switch to positive cocycles. The cocycle 6j corresponds to the A{-, ■)-Lyapunov 
exponent ctq + ^j, where Xj is the top Lyapunov exponent of A{-,-) in Cj. Since 
A, > 0, 



o-Q + -^j = / dj{b, x) dl3{b) du{x) > 0. 
Jbxx 

Thus, the cocycle 6j has positive average on B x X. However, we do not know that 
6j is positive, i.e. that for all {b,x) E B x X, 6j{b,x) > 0. This makes it awkward 
to use 9j{b,x) to define a time change. Following |BQ| we use a positive cocycle tj 
equivalent to 9j. 

By |BQ , Lemma 2.1], we can find a positive cocycle : i? x X — M and a 



measurable function (pj : B x X ^ M. such that 

(15.3) e,-<P,oT + <P, = T, 
and 

Tj{b,x) d/3{b) dh'{x) < oo. 

BxX 

x) we define 

(15.4) IK'li;,M = e"^'^''^^II^II..M- 
where the norm (■, ■)j is as in (115. ip and (115. 2p . Then 

(15.5) P(&o\^)^li;,T(M = e"^^^''''^ll^llk- 
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Suspension. Let = i? xX x (0, 1]. Recall that /3 denotes the measure on B which 
is given hj fi x fi . . . . Let f3^ denote the measure on B^ given hj P x u x dt, where 
dt is the Lebesgue measure on (0, 1]. In B^ we identify (6, x,0) with (T{b,x), 1), so 
that B^ is a suspension of T. We can then define a suspension flow Tt : B^ B^ 
in the natural way. Then Tt preserves the measure 

Let Tt{b,x,s)* denote the action of Tt{b,x,s) on H^{M,T,,C) (i.e. the derivative 
cocycle on the tangent space). Then, for t G Z and v G ® Vi''\b,x) and 

< s < 1 we have, in view of (115. 5p . 

(15.6) m{b,x,s)^v\y^,^,) = e--^(*'^'^)||y||;.,,„ 

where Tj{t,b,x) = X]n=o ^))- "^^^ extend the norm || ■ from i? x X to 
B^ by 

Then (115.61) holds for all t G M provided we set for n G Z and < s < 1, 

Tj{n + s,b,x) = Tj{n, b, x) + STj{T"'{b, x)). 



The time change. Here we differ slightly from |BQ| since we would like to have 
several different time changes of the flow Tt on the same space. Hence, instead of 
changing the roof function, we keep the roof function constant, but change the speed 
in which one moves on the [0, 1] fibers. 

Let Tp : B^ B^ be the time change of Tt where on (6, x) x [0, 1] one moves at 
the speed Tj{b,x). More precisely, we set 

(15.8) Tt'{b,x,s) = {b,x,s -Tj{b,x)t), if < s - rj(6, a;)t < 1, 

and extend using the identification ((6, x),0) = {T{b,x), 1). 

Then T/'' is the operation of moving backwards in time far enough so that the 
cocycle multiplies the direction of the top Lyapunov exponent in Ck by e~^. In fact, 
by (fT5:6|) and (fTSlSD . we have, for v G W+{b) ® vl''\b,x), 

(15.9) \\Trib,x,s)M\-,T;Hb,^,s) = ^'>\\'jA^,s- 

The map T^'^ and the two-sided shift space. On the space B^ , T^* is invertible, 
and we denote the inverse of Tp by T^\. We write 

(15.10) r:^^(a V6,x,s), 

for the linear map on the tangent space H^{M, S, C) induced by T^''^{a V b, x, s). In 
view of and (fTSlQj) . we have for v G W+{b) ® v}^\b, x), 

(15.11) \\TL\ia V b,x, s)^,v\\ = exp{i - (j)k{b,x, s) + ^^(^'^^(a V b,x, s)))||f ||. 
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Here we have omitted the subscripts on the norm || ■ \\k,b,x and also extended the 
function (pkib, x, s) so that for all {b, x, s) G and all v G W+{b) ® V"/^''(&, x), 

||„,|| _ p'l>k(.b,x,s) II 11/ 

— e \\^\\k,b,x,s- 



Invariant measures for the time changed flows. Let denote the measure 
on given by 

df3^^'^(b, X, t) = —^^dpib) dvix) dt, 

Tj{b,x) 

where the Cj G M is chosen so that 13'^^'^ [B^) = 1. Then the measures P'^^'^ are 
invariant under the flows Tp . We note the following trivial: 

Lemma 15.1. The measures 13'^^'^ are all absolutely continuous with respect to . 
For every 6 > there exists a compact subset IC = /C(5) C B^ and L = L{6) < oo 
such that for all j , 

/3"^'^(/C) >l-6, 

and also for {b, x, t) G /C, 

^{b,x,t)<L, ^{b,x,t)<L. 

Proof. Let 

Kj^n = {{b,x,t) : tG[0,l], ^<Tj{b,x) <n}. 

Then, for all j, k, 

It follows that there exists N eN such that for all j, 

P^^'''{Kk,N) > 1- W 
where d is the maximal number of Lyapunov exponents j. Let 



^k,N- 

k 



Then, for all j, /3r,.x(A^) > 1 — 5- We can now choose L so that L > N"^ maxj(c^, c ^ 



□ 
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16. The Martingale Convergence Argument 

Standing Assumptions. We assume that the conditional measures of Uf, along 
W^i^b, x) is supported on x), and also that the conditional measures of Uh along 

U^{h,x) are Lebesgue. 

Lemma 16.1. There exists a subset ^ C with = 1 such that for all 

{b,x) e ^, 

^niy+(fe,x)n bail of radius l C^n[/+(6,x). 
Proof. See [MiT] or [ELl 6.23]. □ 

The parameter 6. Let 5 > be a parameter which will eventually be chosen 
sufficiently small. We use the notation Ci{6) and c-((5) for functions which tend to 
as (5 — )■ 0. In this section we use the notation A ^ B to mean that the ratio A/B is 
bounded between two positive constants depending on 6. 

We first choose a compact subset i^o C ^ fl $ with l3^{Ko) > 1 - 6 > 0.999, the 
conull set is as in Lemma 116.11 and the conull set $ is as in Theorem 114.31 By 
the multiplicative ergodic theorem and (114.41) . we may also assume that there exists 
> such that for all (6, x, s) G Kq all k and all v G Vi''\b, x) and all £ > ii{S), 
(16.1) \\Te{b,x,s),v\\ < e-(^'=/2K||^||_ 

(Here, as in (114.41) the notation T£{b, x, s)* denotes the action on H^{M, S, M).) 

Lemma 16.2. For every S > there exists K C B-^ and C = C{6) < oo, (3 = /3(5) > 
and C = C'{6) < oo such that 
(Kl) For all L > C'{5), and all {b, x, s) G K, 

1 '•^ 



I XKo{Tt{b,x,s))dt> 0.99 







(K2) P^iK) >l-ci{6). Also, for all j , (5^^'^{K) > 1 - ci(5). 

(K3) For all i and all {b,x,t) G K, \(f)j{b,x,t)\ < C, where (pj is as in 1115.!^) . 

(K4) For all J, all ib,x,t) e K all k and all v G v}''\b,x), 
(16.2) \\p{v)\\>P{6)\\v\\. 

Proof. By the Birkhoff ergodic theorem, there exists /C" C B^ such that /3"^(/C") > 
1-5/5 and (Kl) holds for JC" instead of /C. We can choose /C' C B^ and C = C{6) < 
oo such that /3^(/C') >l-S/5 and (K3) holds for K' instead of K. Let /C = /C(5/5) 
and L = L{6/5) be as in Lemma fl5.ll with 6/5 instead of 6. Then choose Kj C \& 
with 13'^^'^ {Kj) > 1 — 6/ {5dL), where d is the number of Lyapunov exponents. In view 
of Lemma [111] there exists JC'" C X with /3^(/C'") > 1 - 5/5 so that ffT6:2D holds. 
Then, let K = /C"'n/C" n}C'n}Cnf]j Kj. The properties (Kl), (K2), (K3) and (K4) 
are easily verified. □ 
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Warning. In the rest of this section, we will often identify K and Kq with their 
puUbacks f~^{K) C and f~^{Ko) C where f : B^ ^ B^ is the forgetful 
map. 

The Martingale Convergence Theorem. Let B'^^'^ denote the cr-algebra of (3'^^'^ 
measurable functions on B^ . As in |BQ| , let 

(Thus if a function F is measurable with respect to Qp'^, then F depends only on 
what happened at least i time units in the past, where i is measured using the time 
change Tj.) 
Let 

The Q^^'^ are a decreasing family of a-algebras, and then, by the Martingale Con- 
vergence Theorem, for /3'^-"^-almost all {b,x,s) G B^ , 

(16.3) lim EjilK I QY'''){b,x,s) = Ej{lK \ Q^'^)(6,x,s) 

where denotes expectation with respect to the measure P'^^'^ . 

The set S'. In view of (116. 3p and the condition (K2) we can choose 5" = S'{6) C B^ 
be such that for all i > io, all j, and all {b,x, s) G S", 

(16.4) E,{1k I g?''')(6,x,s) > 1-C2{6). 

By using Lemma [15. II as in the proof of Lemma [16. 21 we may assume that (by possibly 
making io larger) we have for all j, 

(16.5) /3"-^(5') > 1-C2(<5). 

The set Egood- By Lemma ri4.4l we may choose a subset Egood C B^ (which is actually 
of the form B x E'^^^^ for some subset E'^^^^ C X x [0, 1]), with (3^ (Egood) > 1 - 03(5), 
and a number a{6) > such that for any {b,x, s) G Egood, any j and any unit vector 
w G Cj{b, x), 

(16.6) /3({aGB : d(ti;, fi;li(a, x)) > a(5)}) > 1 - 4(5). 

We may assume that Egood C K. By the Osceledec multiplicative ergodic theorem 
and Lemma [14. 6[ we may also assume that there exists a > (depending only on the 
Lyapunov spectrum), and = io{^) such that for {b,x,s) G Egood, ^ > ^0, at least 
1 — 4(5) measure of a G 5, and all v G V^'i^_i{a, x), 

(16.7) ||T3(aV6,x,s),i;|| < e^^-'''>^\\v\\. 
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The sets Qp. In view of (116. 5p and the Birkhoff ergodic theorem, for every p > 
there exists a set Qp = flp{S) C B'^ such that 

(ni) /3^(fi,)>i-p. 

{Q2) There exists £q = ^o(p) such that for all i > £q, and all (6, x, s) G flp, 
\{te[-ij] : Tt{b,x,s)eS'nEgood}\>{l-c,{6))2i. 

Lemma 16.3. Suppose the measure v is not affine. Then there exists p > so that 
for every 6' > there exist {b,x,s) G Qp, {b,y,s) G Qp with \\y — x\\ < 6' such that 
p{y -x) e p{U^)cix), 

(16.8) d{y-x,Ucix)) > ^\\y-x\\ 
and 

(16.9) d{y-x,W+{b,x))>h\y-x\\ 
(so y — X is in general position with respect to W'^{b, x).) 

Proof. Recall that we are assuming that u is 5*17(2, R) invariant. Therefore, = u 
for almost all 6 G B. Hence, the measure is the product measure P xu xdt. Then, 
by Fubini's theorem, there exists a subset ^I'p C X with i^{^'p) > 1 — p^^^ such that 
for X G Q'p, 

(16.10) i(3xdt){{ib,s) : {b,x,s)enp})>{l-p'/^). 
We decompose X into disjoint local charts, so up to a null set, 

a 

and for all a there exists some some 6a > 0, such that for all x G Jq,, 

(16.11) yo\{Uc[x]nJa)>Sa, 
where Vol(-) is as in Lemma [14.11 Let 

(16.12) n; = {xeJa ■■ iyu^i.)in'^nJa)>il-p'^^)iyuc(x)iJa)}- 

In the above equation, vudx) is the conditional measure of v along Uic[x] (which is in 
fact a multiple of Lebesgue measure). By Fubini, ^{^"p) > (1 — p^^^)- In particular, 

Up>o K 

Note that by the definition of Vt'^, if x G fl then Uc[x\ (1 Ja C fi^'. It follows 
that we may write, for some indexing set Ia{p), 

^;'nJa= □ Uc[x]nJa. 
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Suppose that for all a and all p > 0, /^(p) is countable. Then, for a positive measure 
set of X, 

(16.13) z/(f/c[x] n J^) > 0. 

Then by ergodicity, ( 116. 13p holds for i/-almost all x G X and without loss of generality, 
for all X G /p(a). The restriction of v to U^x\ is a multiple of Lebesgue measure, there- 
fore there exists a constant '^{x) ^ such that for E C ^/cN, ^{E) = ip{x) Vol(£'), 
where Vol is as defined in Lemma 114. 1[ Since both v and Vol are invariant under 
the S'L(2,M) action, %l){x) is invariant, and thus by ergodicity is constant almost 
everywhere. 

Let I'a = Up>o-^a(p)- e write x ~ ?/ if Uc[x\ n = Uc[y] n J^, and let 

I'^ C be the subset where we keep only one member of each ~-equivalence class. 
Then (116. lip implies that for each a, 

where | ■ | denotes the cardinality of a set. Since is a finite measure, we get that J^' 
is finite, which implies that v is affine. 

Thus, we may assume that there exist a and p > such that /a(p) is not countable. 
Then we can find Xi G /q-(p) and y„ G /a(p) such that 

lim hd{Uc[xi] fl J„, Uc[yn] n J^) = 0, 

n— ^oo 

where hd denotes Hausdorff distance between sets. Then, in view of the definition 
(116.121) of Qp, for sufficiently large n, there exist x G t/cki] H and y G Uc[yn] H fl'^ 
such that y — X E Uq{x), and ||y — x|| < d'. Then, by the definition (116. lOp of Q'^, we 
can choose (6, s) so that (6, x, s) G Qp, {b, y, s) G Qp, and (116. 8p and (116.91) holds. □ 

Standing Assumption. We fix p = p{6) so that Lemma [16.31 holds. 
The main part of the proof is the following: 

Proposition 16.4. There exists C{6) > 1 such that the following holds: Suppose for 
every 6' > there exist (6, x, s), {b, y, s) G flp with \\x — y\\ < 6' , p{x — y) G p{Uq){x), 
and so that U6. 8\) and U6. 9\) hold. Then for every e > there exist {b", x", s") G K, 
{b\y'\ s") G K, such that y" - x" G U^ix"), 

(16.14) d{y"-x",Ucix")) > J-\\y"-x"\\, 

C{d} 

(16.15) d{y" - x", W+{b", x")) < 5\ 
where 5" depends only on 6' , and 5" — ?> as 5' — t- 0. 
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T:UaVb',y') 




Figure 6. Proof of Proposition 116.41 



Proof. We can decompose 

as in 5111 Let Hj denote the projection to Cj, using the decomposition (114. 2p . For 
m G M''", write 

(6', x', s') = Tm{b, X, s), (6', y\ s') = Tm{b, y, s). 

and let 

Wj{m) = TTj{x' - y') 

(We will always have m small enough so that the above equation makes sense). Let 
ij{m) be such that 

e^^("^)||M;j(m)|| = e, 

We also need to handle the relative homology part (where the action of the Kontsevich- 
Zorich cocycle is trivial). Set io{m) to be the number such that 

e^oM||^/_^/|| 

Choose < a' ^ A^m where < Xmm = min^g^ Xj. We will be choosing m so that 
(16.16) — I log II?/ — s|| I < m< cr'l log ||y — x|| |. 

In view of (116. 9p and Theorem lA.ll (after some uniformly bounded time), ||wj(m)|| 
is an increasing function of m. Therefore, ij{m) is a decreasing function of m. 
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For a bi-infinite sequence b & B and x G X, let 

Gj{b,x,s) = {meR+ : T:_\^^^^Tm{b,x,s) eS'} 

Let Gaiiib, X, s) = f]j Gj{b, x, s) n {m : T„,(6, x, s) e Egood}- 

Lemma 16.5. For {b,x,s) G Qp and N sufficiently large, 

\Gaii{b,x,s)n[0,N]\ 



N 



>1-C6((5). 



Proof. We can write Tj'^^j^^-^Tm = T^gj{m)- By definition, 

m G Gj{b, X, s) if and only if T_g.(^rn){b, x, s) G S' 
Since ij{m) is a decreasing function of m, so is gj, and in fact, for all m2 > mi 

gj{mi) - gj{m2) > - mi. 

This implies that 

(16.17) gj^imi) - gf^inii) < mi - mg. 

Let F = {t G [0,...,gj{N)] : T_t{b,x) ^ S'}. By condition (fi2), for iV large 
enough, |F| < (1 - c^{5))gj{N). Note that n [0,iV] = gJ^{F). Then, by (imTll . 

iq n [0,iV]| = 1(77^(^)1 < |F| < c,{5)g,{N) < c,{6)N, 

where as in our convention cq{6) as 6 ^ 0. □ 

We now continue the proof of Proposition 116. 4[ We may assume that 6' is small 
enough so that the right-hand-side of (116.161) is smaller then the N of Lemma 116.51 
Suppose {b,x,s) G Qp, {b,y,s) G Qp. By Lemma [16. 5[ we can fix m G Gaii{x) such 
that inKW) holds. Write = ij{m). Let 

(6', x', s') = Tmib, x, s), (6', y', s') = T^{b, y, s). 

For j G A, let 

{bj,Xj, Sj) = T"^^(^)(&', x', s'), {bj, yj, sj) = T"^^.(^)(6', y', s'). 

Since m G Gaii{b,x, s), we have {bj,Xj,Sj) G S", (bj,yj,Sj) G 5". Then, by (116. 4p . for 
all j, 

Ej(l/^ I Q]]'^){bj, Xj, sf) > (1 - C2(5)), Ej(1a' I Q7;^)ibj, yj, Sj) > (1 - C2(5)). 
Since Tj^^{bj,Xj, Sj) = {b',x',s'), by |BQ[ (7.5)] we have 

Ej{lK\Q2'''){bj,Xj,s,)= I lK{Tl\iayb',x',s'))d(3{a), 

' JB ' 

where the notation a V 6' is as in (114.31) . Thus, for all j G A, 

(16.18) p[{a ■ T:^^(a V6',x',s') G i^}) > 1 -C2((5). 
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Similarly, for all j G A, 

p[{a ■ T:^^(aV6',y',s') ei^}) > 1-C2(5). 
Let w = x' — y', and let Wj = njiw). We can write 

(16.19) w = iDq + Wj 

where Wq G kerp, and for j > 0, Wj are chosen so that Tijiwj) = Wj, and also 

\\Wj\\ ^ \\Wj\\. 

For any a G -B, we may write 

Wj = ^j{a) + Vj{a), 
where ^j{a) G W+{b') ® vl^\b',x'), and 

This decomposition is motivated as follows: if we consider the Lyapunov decompo- 
sition 

C(^Cj{x) = 0Vfc(a V6,a;) 

k 

then ^j (a) belongs to the subspace Vi (a V b, x) corresponding to the top Lyapunov 
exponent ctq + Xj for the action of T_t, and Vj G ©fc>2Vfc(a V b,x) will grow with 
a smaller Lyapunov exponent under T_t. Then t;j(a) will also grow with a smaller 
Lyapunov exponent then C,j{a) under Tj"^. 

Since m G Gaii{b,x, s), we have {b',x',s') G Egood- Then, by fll6.6p . for at least 
1 — 03(5) fraction of a G -B, 

(16.20) \\v,{a)\\^U,{a)\\^\\w,\\^ee-'^, 

where the notation A B means that A/B is bounded between two constants 
depending only on 5. Since {b',x',s') G Egood C K, by condition (K3) we have 
\4>j{b', x', s')\ < C{6). Also by (116. ISp . for at least 1 — €2(6) fraction of a G i?, we have 
T^\. (o V b', x', s') G K, so again by condition (K3) we have 

|0,(r:^^.(aV6',x',s'))| <C(5). 

Thus, by (116. 20p . (115.111) and (116. 7p . we have, for all j G A, and at least 1 — 04(5) 
fraction of a G -B, 

(16.21) ||T3^,(aV&',x',s')*0(«)ll ~ e, and \\T!_\^{ay b' ,x' , s'),v,{a)\\ = O(e-"^0, 

where a > depends only on the Lyapunov spectrum. (The notation in (116. 2ip is 
defined in (115.101) ). Hence, for at least 1 — €4(6) fraction of a G -B, 

\\Tj'^.{a V b',x', s')^Wj\\ ^ e. 
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Since > (and by Theorem 114.31 if Xj = then j = 0, and wq G kerp where 
the action of the Kontsevich-Zorich cocycle is trivial), we have for at least 1 — 04(5) 
fraction of a G -B, 

(16.22) \\T!_\^{aWb',x',s'),Wj\\ ^ e, 
Let 

tj{a) = sup{t > : ||T'_t(a V b', x', s')^Wj\\ < e}, 

and let j{a) denote a j G A such that tj{a) is as small as possible as j varies over A. 
Then, if j = j{a), then by ffTO^j) . 

(16.23) \\T_t^^a){ayb\x\s'),w,\\ ^ \\T!_',^{ay b' ,x' , s'),w,\\ ^ e. 

Also, for at least 1 — 04(5) -fraction of a G -B, if j = j{a) and k 7^ j, then by (116. 22p . 

(16.24) ||T"^.(a V6',x',s')*u;fc|| < Ci{5)e, 

where Ci{5) depends only on 5. Therefore, by (116. 19p . (116. 23p . and (116.240 . for at 
least 1 — C4(5)-fraction of a G -B, if j = j{a), 

(16.25) ||T3^,(a V6',x',s0*(y'-x')|| ~ e. 

We now choose 5 > so that €4(6) + 2c2(5) < 1/2, and using (116. ISp we choose a E B 
so that (116. 25p holds, and also 

T:^^ (a V b\ x, s) G K, Tp^^, (a V 6', y' , s) G K. 

We may write 

Tl^^ (a V 6', x', s') =T_t(a V6,x',s'), T^^^ (a V 6', y', s') = T.t'{ay b,y\ s') 

Then, — 1| = 0{5). Therefore by condition (Kl), there exists t" with \t" — t\ = 0{6) 
such that 

(6", x", s") = T_,,{a V b\ x', s') G Kq, (&", 2/", s") = T_,,{a V b' , y' , s') G K^. 

Since \\w\\ ~ ee"^^, and — )■ 00 as 5' — 0, we have = \\x' — y'\\ — j- as 5' — j- 0. 
Since T_f// does not expand the W~ components, the W~ component of x" — y" is 
bounded by the W~ component of x' — y' . Thus, the size of the W~ component of 
x" - y" tends to as 5' ^ 0. Thus (fT635D holds. 

It remains to prove (116. 14p . If 

(16.26) lb(l/"-^")ll>^ll/-^"ll 

then (116. 14p holds since p{y" — x") G p{U{x")^). This automatically holds for the 
case where |S| = 1 (and thus, in particular, there are no marked points). If not, we 
may write 

y" - x" =W'[+ W'^ 
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where \\w'^\\ < c{6)\\wq\\ and G keip. We will need to rule out the case where w'^ 
is very close to U^{x") fl kerp. We will show that this contradicts the assumption 

(HMD. 

Let w'_^, w'q be such that 

u;" = T_t//(a V b, x', s')^w'_^, Wq = T_t"{a V b, x', s')^Wq. 
Then y' — x' = w'_^ + Wq and in view of (116. ip and (116. 20p , 

\W+\\ < e~^"''"^"^'^\\wQ\\ ^ e~'^'"'"*"/^||y' — a;'||. 
Applying T_m(6, x', s') to both sides we get 

y - X = w+ + ivo, 

where Wq G kerp, and 

X ■ f" 

II II ^ ImW /II ^ 2m rmn'- ,, ., 

< e < e"'"' 2 Ik -2/11- 

By (HSIe]), 2m - < -^^i^. Thus, < (l/100)||i/ - Therefore, by 

(116. Sp . we have 

ci(tyo,kerpn t/c(x)) > ^Ikoll- 

Since the action of the cocycle on kerp is trivial (and we have shown that in our 
situation the component in kerp dominates throughout the process), this implies 

rf«kerpnf/c(x")) > ^Ikoll > ^^\\y"-A\- 

This, together with with the assumption that (116. 26p does not hold, implies (116. 14p . 

□ 

Proof of Theorem 11.41 It was already proved in Theorem 12.11 that v is S'L(2,]R)- 
invariant. Now suppose v is not affine. We can apply Lemma [16.31 and then iterate 
Proposition 116.41 with 5' — )■ and fixed e and 5. Taking a limit along a subsequence 
we get points (&oo, a;oo, Soo) e Kq and (6oo, l/oo, Soo) e Kq such that ||xoo - |/oo| | ~ e, 
Voo G W'^ipoo.Xoo) and y^o G {U-^)^{boo,Xao). This contradicts Lemma [16.11 since 
Kq C ^ . Hence v is affine. □ 



A. FORNl'S RESULTS ON THE 5^(2, M) ACTION 



In this appendix, we summarize the results we use from the fundamental work of 
Forni |Fo] . The recent preprint |FoMZ] contains an excellent presentation of these 
ideas and also some additional results which we will use as well. 
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A.l. The Hodge norm and the geodesic flow. Fix a point S in 'H{a); then S is 
a pair {M,u) where u is a holomorphic 1-form on M. Let || ■ \\H,t denote the Hodge 
norm on the surface Mj = irlgtS). Here, as above vr : — 7^ is the natural map 

taking (M, u) to M. 

The following fundamental result is due to Forni |Fot §2]: 

Theorem A.l. There exists a constant C depending only on the genus, such that for 
any A G H^{M, M) and any t > 0, 

If in addition A is orthogonal to u, and for some compact subset JC of Aig, the geodesic 
segment [S.gtS] spends at least half the time in ti~^{JC), then we have 

\\\\\H,t<Ce^^-^^\\\Hfl. 
where a > depends only on /C. 

The Hodge norm on relative cohomology. Let S denote the set of zeroes of u. 
Let p : H^{M, S, M) H^{M, M) denote the natural map. We define a norm || ■ ||' on 
the relative cohomology group H^{M, S, M) as follows: 

(A.l) l|A|r=|b(A)||H+ Yl 

{^,«i)GExS 

where || ■ \\h denotes the Hodge norm on if^(M, M), h is the harmonic representative 
of the cohomology class p{X) and '~fz,w is any path connecting the zeroes z and w. 
Since ^(0;) and h represent the same class in H^{M,M.), the equation ( lA.lj) does not 
depend on the choice of 'yz,w 

Let II • 11^ denote the norm flA.ip on the surface M^. Then, the analogue of Theo- 
rem |X?T] holds, for II • IIj. This assertion is essentially Lemma 4.4 from |AthFj . For a 
self-contained proof in this notation see [EMRl §7].) 

The Avila-Gouezel-Yoccoz (AGY) norm. The Hodge norm on relative coho- 
mology behaves badly in the thin part of Teichmiiller space. Therefore, we will use 
instead the Avila-Gouezel-Yoccoz norm || ■ ||y defined in [AGY] . some properties of 
which were further developed in |AGj . The norms || • ||y and || • ||' are equivalent on 
compact subsets of the strata Tiii^a), and therefore the decay estimates on || ■ ||' in the 
style of Theorem lA. II also apply to the Avila-Gouezel-Yoccoz norm. Furthermore, we 
have the following: 

Theorem A. 2. Suppose S = (M, w) G Let \\ ■ \\t denote the Avila-Gouezel- 

Yoccoz (AGY) norm on the surface Mt = nlgtS). Then, 

(a) For all A G H^{M, S, M) and all t > 0, 

\\X\\t < e'\\X\\o. 



[ (A - /^) , 
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(b) Suppose for some compact subset JC of Aig, the geodesic segment [S.gtS] 
spends at least half the time in 7r~^(/C). Suppose A G H^[M, S,R) with p[X) 
orthogonal to u. Then we have 



where a > depends only on /C. 

A. 2. The Kontsevich-Zorich cocycle. In the sequel, a subbundle L of the Hodge 
bundle is called isometric if the action of the Kontsevich-Zorich cocycle restricted to 
L is by isometries in the Hodge metric. We say that a subbundle is isotropic if the 
symplectic form vanishes identically on the sections, and symplectic if the symplectic 
form is non-degenerate on the sections. A subbundle is irreducible if it cannot be 
decomposed as a direct sum, and strongly irreducible if it cannot be decomposed as a 
direct sum on any finite cover of X. 

Theorem A. 3. Let v be a P -invariant measure, and suppose L is a P-invariant v- 
measurable subbundle of the Hodge bundle. Let Ai, . . . , be the Lyapunov exponents 
of the restriction of the Kontsevich-Zorich cocycle to L. Then, 



Then, is an P-invariant subbundle, and we have the short exact sequence 



The bundle L/{LnL^) admits an invariant non-degenerate symplectic form, and 
therefore, the sum of the Lypunov exponents on L/{L (1 L''") is 0. Therefore, it is 
enough to show that the sum of the Lyapunov exponents on the isotropic subspace 
L n LMs 0. Thus, without loss of generality, we may assume that L is isotropic. 

Let {ci, . . . , Cn} be a Hodge-orthonormal basis for the bundle L at the point S = 
{M,u), where M is a Riemann surface and a; is a holomorphic 1-form on M. For 
g e SL{2, R), let Vs{g) denote the Hodge norm of the polyvector ci A ■ ■ ■ A c„ at the 
point gS, where the vectors Cj are transported using the Gauss-Manin connection. 
Since Vs{kg) = Vs{g) for k G 5*0(2), we can think of as a function on the upper 
half plane H. From the definition of and the multiplicative ergodic theorem, we 
see that for i/- almost all S" G X, 



A||,<Ce(i-")iA|| 



n 



i=l 



Proof. Let the symplectic complement of L be defined by 
(A.2) L\x) = {v : vAu = for all u G L{x)}. 



O^LnL^^L^ L/{L n L^) 0. 



(A.3) 




i=l 



where the Aj are as in the statement of Theorem IA.3I 
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Let Ahyp denote the hyperbolic Laplacian operator (along the Teichmiiller disk). 
By [FoMZ[ Lemma 2.8] (see also |Fo[ Lemma 5.2 and Lemma 5.2']) there exists a 
non-negative function $ : X — )■ M such that for all S* G X and all g G SL(2, M), 



holds, which clearly implies the theorem. The formula (]A.4p is proved in |FoMZ] (and 
for the case of the entire stratum in |Foj ) under the assumption that the measure u is 
invariant under 5'L(2,R). However, in the proofs, only averages over "large circles" 
in H = SO{2)\SL{2,'R) are used. Below we show that a slightly modified version 
of the proof works under the a-priori weaker assumption that u is invariant under 
P = AN C S'L(2,M). This is not at all surprising, since large circles in H are 
approximately horocircles (i.e. orbits of N). 

We now begin the proof of (lA.4p . following the proof of |FoMZt Theorem 1]. 

Since (IA.3P holds for i/-almost all S and u is X- invariant, (1A.3P also holds for holds 
for almost all 5*0 G X and almost all S* G fiTv^o, where 



We identify S'0(2)\ SL(2, M)S'o with EI so that 5*0 corresponds to i. Then QnSq 
corresponds to the line horizontal line segment connecting —1 + itol+i. Let 
e = e~^*. Then, g^t^NSo corresponds to the line segment connecting —1 + ie to 
1 +ie. 




(A.4) 





/I 



y 



l + i 



-1 + ie 



-t 



X 



Figure 7. Proof of Theorem IA.3I 
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Let f{z) = log V5,, (5*0(2)2). Note that Vhypf is bounded (where Vhyp is the 
gradient with respect to the hyperbohc metric on H). Then, flA.Sp imphes that for 
almost all x G [—1, 1], 

-±K= hm + + Hm 1 r#[/(x + ze-)] dt 

Integrating the above formula from x = — 1 to x = 1, we get (using the bounded 
convergence theorem), 

Let Rt denote the rectangle with corners at —1 + ie~*, 1 + ie~*, 1 + i and —1 + i, see 
Figure [3 We now claim that 

(A.5) I [/(X + ze-)] rfx = e-- / g + 0(te--), 



1 5^ icJi?, "^n 

where ^ denotes the normal derivative of / with respect to the hyperbolic metric. 
Indeed, the integral over the bottom edge of the rectangle Rt the left hand side of 
f lA.SP coincides with the right hand side of (lA.SP (the factor of e~^* appears because 
the hyperbolic length element is dx/y"^ = e~^*^dx.) The partial derivative is uni- 
formly bounded, and the hyperbolic lengths of the other three sides of dRt are 0{t). 
Therefore ( lA.Sp follows. 

Now, by Green's formula (in the hyperbolic metric), 

dRt ^'^ J^Rt J^Rt 

We get, for almost all Sq, 



V Ai = lim - [ f / ^\ dt > 0. 



This completes the proof of the Theorem. It is also easy to conclude (by integrating 
over ^0) that flXil) holds. □ 



Theorem A. 4. Let v he an SL{2^ M.) -invariant measure, and suppose L is an SL(2, M)- 
invariant v -measurable subbundle of the Hodge bundle. Suppose all the Lyapunov ex- 
ponents of the restriction of the Kontsevich-Zorich cocycle to L vanish. Then, the 
action of the Kontsevich-Zorich cocycle on L is isometric with respect to the Hodge 
inner product, and the orthogonal complement L-^ of L with respect to the Hodge inner 
product is also an SL{2,M)- invariant subbundle. 
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Proof. The first assertion is the content of |FoMZl Theorem 3]. The second assertion 
then follows from jFoMZt Lemma 4.3]. □ 

Theorem A. 5. Let v he an SL{2, M.)-invariant measure, and suppose L is an SL(2, M)- 
invariant v -measurable subbundle of the Hodge bundle. Suppose L is isotropic. Then 
all the Lyapunov exponents of the restriction of the Kontsevich-Zorich cocycle to L 
vanish (and thus Theorem \A.4\ applies to L). 

Proof. For a point x G X and an isotropic /c-dimensional subspace 7^, let 

be as in |FoMZl (2.46)] (or |^ Lemma 5.2']). We have from |FoMZl Lemma 2.8] that 

^k{.x, h) < $j(x, Ij) \ii<j and 4 C ly 

Let Ai > ■ ■ ■ > A,i be the Lyapunov exponents of the restriction of the Kontsevich- 
Zorich cocycle to L. Let Vj{x) denote the direct sum of all the Lyapunov subspaces 
corresponding to exponents Aj > \j. By definition, Vn{x) = L{x). Suppose j = n or 
Xj 7^ Aj+i. Then, by |FoMZt Corollary 3.1] the following formula holds: 



Ai + --- + Aj= / <^j{x,Vj{x))du{x) 
Jx 



(This formula is proved in |Fo] for the case where u is Lebesgue measure and L is the 
entire Hodge bundle). 

We will first show that all the Xj have the same sign. Suppose not, then we must 
have A„ < but not all Xj < 0. Let k be maximal such that A^ 7^ A„. Then 



Ai + --- + Afc= / $fe(x, Vfc(x))c/z/(x) 
Jx 

and 

Ai + --- + A„= / $„(x,L(x))rfi^(x) 
Jx 

But $fc(a;, Vfc(x)) < $„(a;,L(a;)) since Vk{x) C L{x). Thus, 
(A.6) Afc+i + ■ ■ ■ + A„ > 0. 

But by the choice of k, all the terms in flA.6p are equal to each other. This implies that 
An > 0, contradicting our assumption that A^ < 0. Thus all the Xj, I < j < n have 
the same sign. Since u is assumed to be S'L(2, R)-invariant, and any diagonalizable 
g G SL{2, M) is conjugate to its inverse, we see that e.g. the Xj cannot all be positive. 
Hence, all the Lyapunov exponents Xj are 0. □ 

Algebraic Hulls. The algebraic hull of a cocycle is defined in |Zi2] . We quickly 
recap the definition: Suppose H is an an M-algebraic group, and let A : G x X ^ H 
be a cocycle. We say that the M-algebraic subgroup H' of H is the algebraic hull of 
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A if H' is the smallest M-algebraic subgroup of H such that there exists a measurable 
map C : X ^ H such that 

C {gx)^^ A{g , x)C {x) G H' for almost all (7 G G and almost all x G X. 

It is shown in [Zi2] (see also |MZt Theorem 3.8]) that the algebraic hull exists and is 
unique up to conjugation. 

Theorem A. 6. Let v he an S L{2,M.)-invariant measure. Then, 

(a) The u-algebraic hull Q of the Kontsevich-Zorich cocycle is semisimple. 

(b) On any finite cover of X , each u-measurable irreducible subbundle of the 
Hodge bundle is either symplectic or isotropic. 

Remark. The fact that the algebraic hull is semisimple for 5*1/(2, ]R)-invariant mea- 
sures is key to our approach. 

Proof. Suppose L is an invariant subbundle. It is enough to show that there exists 
an invariant complement to L. Let the symplectic complement of L be defined 
as in (1A.2I) . Then, is also an S'L(2, R)-invariant subbundle, and K = L H is 
isotropic. By Theorem IA.5t K is isometric, and is also 5*1/(2, M)-invariant. Then, 

and 

H\M, R)=K®{LnK^)® {L^ n K^) 

Thus, n is an 5L(2, M)-invariant complement to L. This proves (a). Iterating 
this procedure, one obtains (b), and the same could be done on any finite cover. □ 

The Forni subspace. 

Definition A. 7 (Forni Subspace). Let 

(A.7) F{x)= fl g-\AnnBl), 

geSL{2,R) 

where for u E X the quadratic form B^{-, ■) is as defined in |FoMZ[ (2.33)]. 

Remark. It is clear from the definition, that as long as its dimension remains 
constant, F{x) varies real-analytically with x. 

Theorem A. 8. Suppose v is an SL{2,M.) -invariant measure. Then the subspaces 
F{x) where x varies over the support of i' form the maximal v-measurable 5*1/(2, M)- 
invariant isometric subbundle of the Hodge bundle. 



Proof. Let F{x) be as defined in (lA.7p . Then, F is an SL{2, M)-invariant subbundle 
of the Hodge bundle, and the restriction of to F[x) is identically 0. Then, by 
|FoMZt Lemma 1.9], F is isometric. 
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Now suppose M is any other i/-measurable isometric SL(2, ]R)-invariant subbundle 
of the Hodge bundle. Then by |FoMZl Theorem 2], M{x) C Ann 5^. Since M is 
5*17(2, M)-invariant, we have M G F. Thus F is maximal. □ 

Theorem A. 9. On any finite cover of X , 

(a) The Forni subspace is symplectic, and its symplectic complement coincides 
with its Hodge complement F-^ . 

(b) Any invariant subbundle ofF^ is symplectic, and the restriction of the Kontsevich- 
Zorich cocycle to any invariant subbundle of F-^ has at least one non-zero 
Lyapunov exponent. 

Proof. Suppose the subspace F-^ is not symplectic. Let let L = F-^ fl {F-^y . Then 
L is isotropic, and therefore by Theorem IA.5I and Theorem IA.41 L is an SL(2, M)- 
invariant isometric subspace. But then we would have L G F which contradicts the 
maximality of F (Theorem lA.Sp . Therefore F^ is symplectic. 

By Theorem IA.6[ we may pass to finite cover on which both F and F^ decompose 
into a direct sum of strongly irreducible subbundles. Let M be an strongly irreducible 
subbundle of F^. Then, in view of Theorem IA.4I and the maximality of F, M must 
have at least one non-zero Lyapunov exponent. In particular, in view of Theorem I A. 5 1 
M cannot be isotropic, so it must be symplectic in view of Theorem IA.6I (b). This 
proves the statement (b). 

Since F^ is symplectic, {F-^Y is 5*^(2, M)-invariant and complementary to F^. 
Note that F is also SL{2, M)-invariant and complementary to F-^. In order to con- 
clude that {F^y = F, it enough to show that there is a unique S'L(2, M)-invariant 
complement to F^. For this, it is enough to show that for any strongly irreducible 
subbundles Mi G F^ and M2 G F, the algebraic hulls G{Mi) of the restriction of 
the Kontsevich-Zorich cocycle to Mj are not isomorphic to each other. But the later 
statement is clear, since Q{M2) is compact and Q{Mi) is not (since it has at least one 
non-zero Lyapunov exponent by (b)). Thus, (-F"*")^ = F. Since we already showed 
that F"*- is symplectic, this implies that so is F, which completes the proof of (a). □ 

B. Entropy and the Teichmuller geodesic flow 

The contents of this section are well-known, see e.g. |LYj . [MaT] and also |BGj . 
However, for technical reasons, the statements we need do not formally follow from 
the results of any of the above papers. Our setting is intermediate between the 
homogeneous dynamics setting of [MaTj and the general C^-diffeomorphism on a 
compact manifold setup of |LY] . but it is closer to the former than the latter. What 
follows is a lightly edited but almost verbatim reproduction of |MaTt §9] , adapted to 
the setting of Teichmiiller space. It is included here primarily for the convenience of 
the reader. The (minor) differences between our presentation and that of |MaT] are 
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related to the lack of uniform hyperbolicity outside of compact subsets of the space, 
and some notational changes due to the fact that our space is not homogeneous. 

Notation. Let gt denote the Teichmiiller geodesic flow. In this section, z/ is a gt- 
invariant probability measure on X. Let d{, ) denote the Hodge distance on X. Fix 
a point p & X such that every neighborhood of p in X has positive i^-measure. Fix 
relatively compact neighborhoods B' and C of in W~ and W^~^ respectively. Let 

B = {p+v : V e B'}, C = {p+w : wEC'}, D = {p+v + w : veB',weC'} 

We assume that B' and C are sufficiently small so that D is contractible. For c G C, 
let B'[c] = {c + v : v E B'}. 

Lemma B.l. (cf. [MaTl Lemma 9.1]) There exists s > 0, Ci (Z C and for each 
c G Ci there exists a subset E[c] C Vr~[c] such that 

(1) E[c]cB'[c]. 

(2) E[c] is open in W [c], and the subset E = IJcgCi -^H satisfies i^{E) > 0. 

(3) Let T = gs denote the time s map of the geodesic flow. Then whenever 

T"E[c] nE^O, c G Ci, n > 0, 
we have T"E[c] C E. 

Proof. Fix a compact subset Ki C X, with iy{Ki) < 0.01. Then by the Birkhoff 
ergodic theorem, for every 6 > there exists R> and a subset Ei with z^(-Ei) > 1 — S 
such that for all x G -E" and all N > R, 

\{ne[l,N] : g^xeK,}\>{l/2)N. 

By choosing S > small enough, we may assume that u^D fl Ei) > 0. Let 

Ci = {c G C : c + v e Dn EiioT some v G W~{c) }. 

Then there exists a compact K D Ki such that for all c G Ci and all x G B'{c), 

\{ne[l,N] : gnXeK}\ > {1/2)N. 

By Lemma [3.41 there exists a > such that for all c E Ci and all x G B~{c), 



(B.l) d{gnX,gnc) < 



d{x, c) li n < R 

d{x, c)e-"("-^) ifn>R 



Therefore we may choose s > such that if we let T = gs denote the time s map of 
the geodesic flow, then for all c G Ci and all x G B~{c), 

(B.2) d{Tx,Ty)<^d{x,y). 
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We can assume that there exists a > so that for all c G C, B'[c\ contains the 
intersection with H^~[c] of a sphere in the Hodge metric of radius a/2 and centered 
at c. Let 

(B.3) ao = ^ 

Let Bq[c\ C iy~[c] denote the sphere in the Hodge metric of radius ao and centered 
at c. Let E(°)[c] = 5^[c], and for j > let 

E{i)[c] = E^'-^\c] U {T"5;[c'] : c' G Ci, n > and r"5^[c'] n E^^-^\c] ^ 0}. 

Let 

E[c] = U E^^\cl and E = |J E[c]. 

j>0 cGCi 

It easily follows from the above definition that E[c\ has the properties (2) and (3). 
To show (1), it is enough to show that for each j, 

(B.4) d{x, c) < a/2, for all x E E^^\c]. 

This is done by induction on j. The case j = holds since ao = a/10 < a/2. 
Suppose (]B.4p holds for j — 1, and suppose x G E(J')[c] \ E(J-i)[c]. Then there exist 
Cq = c,Ci, . . . ,Cj = X in Ci and non-negative integers uq = 0, . . . ,nj such that for all 
l<k<n, 

(B.5) T^Hi^oN) nT"'=-(5;[cfc_i]) ^ 0. 

Let 1 < A; < j be such that n^. is minimal. Recall that B'[y] (1 B'[z] = if y 7^ z, 
y G Ci, z G C\. Therefore, in view of the inductive assumption, > 1. Applying 
T-"* to (iRBjl we get 

J T"-"^i?^[c,] ] n 5^[c,] ^ 0, and [ |J T"-"'^!?^^] ] n i?^[c,] ^ 0. 
Therefore, in view of fIB.Sp . and the definition of the sets [c], 

|Jr"-"'^i?;[Q] j C i?(^)[cfc], and ( |jT"-"'=i?^,[Q] J C i^^^-'^^fcfc] 
^i=i / \i=k ) 

By the induction hypothesis, diam(£'^'^''[cfc]) < a/2, and diam(^J'^-^ [cfc]) < a/2. 
Therefore, 

diam fljT'^»-"^5^[ci]j < a. 



Then, applying T"*^ we get, 

diam(UT-i?oN) <^ 



a 



w=i 
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Since diam(i?Q[c]) < a/ 10, we get 




But the set on the left-hand-side of the above equation contains both c = Cq and 
X = Cj. Therefore d{c,x) < a/2, proving flB.4p . Thus (1) holds. □ 

Lemma B.2. (Mane) Let E be a measurable subset of X , with ^{E) > 0. If v is a 
measure on E and g : — )■ (0, 1) is such that \ogq is v-integrable, then there exists 
a countable partition V of E with entropy H{V) < oo such that, ifV{x) denotes the 
atom ofV containing x, then diamP(x) < q{x). 

Proof. See [Ml] or [M2l Lemma 13.3] □ 

Definition B.3. We say that a measurable partition ^ of the measure space {X, v) 
is subordinate to a system of subspaces V{x) C H^{-i ■) if for almost all (with respect 
io v) X & X, we have 

(a) ^[x] C V[x] where C,[x] denotes, as usual, the element of C, containing x. 

(b) ^[x] is relatively compact in V[x]. 

(c) C,[x] contains a neighborhood of x in V[x]. 

Let r] and rj' be measurable partitions of {X,u). We write rj < t]' ii ri[x] D ri'[x] 
for for almost all (with respect to z/) x G X. We define a partition Trj by {Tri)[x] = 

nv[T-\x)]). 

Proposition B.4. Assume that fi is T-ergodic. Then there exists a measurable par- 
tition f] of the measure space (X, u) with the following properties: 

(i) rj is subordinate to W~~ . 

(ii) rj is T -invariant, i.e. rj < Trj. 

(iii) The mean conditional entropy HiTrj \ rj) is equal to the entropy h{T, u) of the 
automorphism x — Tx of the measure space {X, v) . 

Proof. Let E[c\ and E be as in Lemma IB.II Denote hy n : E ^ Ci the natural 
projection (vr(x) = c if x G E[c]). We set rj[x\ = E{7i{x)) for every x & E. 

We claim that it is enough to find a countable measurable partition ^ of {X, u) 
such that H{^) < oo and ri[x] = C~[x] for almost all x G where ^~ = V^^o-^""^ 
the product of the partitions T~"^, < n < oo. 

Indeed, suppose the claim holds. Then it is clear that rj is T-invariant. The 
set of X G X for which properties (a) and (b) (resp. (c)) in the definition of a 
subordinate partition are satisfied is T~^-invariant (resp. T-invariant) and contains 
E. But i^{E) > and u is T-ergodic. Therefore, rj is subordinate to W~. To check the 
property (iii) it is enough to show that the partition = Vfcl-oo '^^^ partition 
into points, see [El §9], or [KHl §4.3]. By or |ABEMl Theorem 8.12] ^,(x) = {x} 
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if T~^x G E for infinitely many n. (Recall that by the construction of E, any such 
geodesic will spend at least half the time in the compact set K). But i^(-E') > and 
u is T-ergodic. Hence = {x} for almost all x, which completes the proof of the 
claim. 

Let us construct the desired partition ^. For x ^ E, let n{x) be the smallest positive 
integer n such that T"x G E. Let 

Fn.= [j U {T'x}. 

{x : n{x)=m} 0<fc<m— 1 

Since iy{E) > and v is T-invariant and T-ergodic, we get that 

oo 

[_\Em = X, 

m=l 

and therefore 



» oo 

(B.6) / n{x)du{x) = J2\F^\ = 1. 

'^^ m=l 



Define a probability measure u' on Ci by 

(B.7) = fee 

u{E} 

Property (3) of the family {E[c] : c E Ci} implies that n{x) is constant on every 
E[c], c G Ci. Therefore, in view of flB.6P and flB.7l) . 



(B.8) / n{c) du'{c) < oo. 

Jci 

By Lemma ESI there exists k > 1 such that for all x, ?/ G X, 

d{Tx,Ty) < Kd{x,y). 

Since the function n(c) is z/'-integrable, one can find a positive function g(c) < 

c G Ci such that logg is z/'-integrable, and the i/'-essential infimum essinfcgCi q{c) is 

0. 

After replacing, if necessary, B' and C by smaller subsets we can find e > such 
that 

(a) d{x,y) < 2d{7r{x),7i{y)) whenever x,y E E and d{x,y) < e, and 

(b) if X, y G Ci then d{x, y) < e. 

Since the function logg(c) is z/'-integrable, there exists a countable measurable parti- 
tion V of Ci such that H{V) < oo and diamP(x) < fq'(x) for almost all x G Ci (see 
Lemma [B.2p . Now we define a countable measurable partition ^ of X by 



'K-\V{-n{x))) iixeE 
X\E ifx^E. 
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Since H(V) < oo we get using ( IB. 71) that H{^) < oo. It remains to show that 
^~[x\ = ri[x] for almost all x (z E. It follows from the property (3) of the family 
{£'[c]} that ri[z\ C i~[z\. Let x and y be elements in E with i~[x\ = C,~[y]- Since 
ri[z] C ^[z], we can assume that x, y E Ci. Then d{x,y) < e. Set Xi = x , yi = y and 
define by induction 

Then, the sequence {xfcjfcgN (resp. {yk}k£N) is the part of the T-orbit of x (resp. 
T-orbit of y) which lies in E. 

Let xi, yi be the lifts of xi = x and yi = y to Teichmiiller space, and let Xk, fjk be 
defined inductively by 

Then Xk and yk are lifts of Xk and yt respectively. We now claim that for all /c > 0, 
(B.9) d{xk,yk) < eq{n{xk)). 

If k = 1, the inequality f IB.QP is true because diam'P(x) < |g(7r(x)) and V{x) = V{y). 
Assume that (IB.QIl is proved for k. Then 

dixk+i,yk+i) = d{T<^-^5:k.T<^''^yk) < K<^'^d{iu.yk) < K^^^^'^eqinixk)) < e. 

Then since Xk+i and yk+i belong to the same element of the partition ^ (because 
C,~[x] = ^~[y]) and diam('P(xfe)) < |g7r(xfe), we get from condition (b) in the definition 
of e > that f lB.Qp is true for k + 1. 

Since the measure u is T-ergodic and essinfg(c) = we may assume that 
liminffc^oo Q'(7r(xfc)) = (since this holds for almost all x G E). Then ( IB.Qp im- 
plies that 

liminf d{xk,yk) = 0. 

fc— ^-oo 

By the definition of Xk, ijk, there exists a sequence nik — )■ +oo such that Xk = T"*'=x, 
yk = T^'y. Thus, 

d{T""'x,T'"''y) =0. 

But, by construction x and y are on the same leaf of W^~^. This contradicts the 
non-contraction property of the Hodge distance [ABEMt Theorem 8.2], unless x = y. 
Thus we must have x = y. □ 

Lemma B.5. (see [LS[ Proposition 2.2].) Let T be an automorphism of a measure 
space {X, v), z/(X) < oo, and let f he a positive finite measurable function defined on 
X such that 

_ / o T , 

log — -J — G L (X, z/), where log (a) = min(loga, 0). 

Then 

foT 
log — — du = 0. 

X J 
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Proposition B.6. Let V^{x) C W~{x) be an T-equivariant family of suhspaces. 
Suppose there exists a T -invariant measurable partition r] of {X, v) subordinate to 
V~ . Then the following hold: 

(i) // the conditional measures of v along V~ are Lebesgue, then 

H{T7] I 7]) = sA{V-) 
where H{Tri \ rf) is the mean conditional entropy, and 

where liV) are the Lyapunov subspaces in V (counted with multiplicity), and 
Xi are the corresponding Lyapunov exponents of the Kontsevich-Zorich cocycle. 

(ii) H(Tr] \ rf) < sA{y~). The equality H{Tri \ rj) = sA{V~) implies that the 
conditional measures of v along V~ are Lebesgue. 

Proof. Since t] < Trj for almost all x G X we have a partition rj^ of ri[x] such 
that rjx[y] = (Tri)[y] for almost all y G ri[x]. Denote by r the Lebesgue measure on 
V~. (Here we pick some normalization of the Lebesgue measure on the connected 
components of the intersections of the leaves of V~ with a fixed fundamental domain). 
Since r][x] C V^~[x], r induces a measure on ri[x] which we will denote also by r. 
Let J{x) denote the Jacobian of the restriction of the map T to ^"[x] at x (with 
respect to the Lebesgue measures r on and y~[Tx]). Then, by the Osceledec 

multiplicative ergodic theorem, for almost all x G X, 

1 d(T~^T)(r) 1 
-sA(V~)= lim —log ^ , , = - lim — ^ log J(T-"x). 

^ ' n=0 

Integrating both sides over X, we get 

- / log J(x) rfz/(x) = sAiy-). 

Put L{x) = T{ri[x]) and Tx = t/L{x), x G X. Note that on r][x] we have a conditional 
probability measure Ux induced by z/. Put p(x) = Tx{rix[x]) and r(x) = I'xiVxlx])- 
Then since rix[x] = T{ri[T~^x]) one easily sees that p{x) = j^jj;^- 

From its definition, p{x) < 1. Therefore, in view of Lemma [B. 5 1 we obtain 

(B.IO) - / logp{x)du{x) = sA{V-). 

Jx 

Assume that the conditional measures along V~ are Lebesgue. Then, Ux = Tx for 
almost all x G X, in particular, p(x) = r(x) for almost all x G X. But 

(B.ll) - / \ogr{x)du{x) = H{Tri \ rj). 

Jx 

This in view of fiRTol) proves (i). 
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Let Yi{x), 1 < i < oo denote the elements of the countable partition rjx of r][x]. 
Then we have 

(B.12) / logp{y)duM- [ logr(2/)rfi..(y) = f;iog^^|^Mli/.(r.(x)). 

Jv(x) Jri(x) ~T ^x[J^i[X)) 



'r]{x) 

We have that 



(B.13) ^r,(F,(x)) < 1, 

and 

oo 

(B.14) 5^z/.(F,(x)) = l. 

(In fIB.lSp . we can have inequality because apriori it is possible that the measure 
of rj[x\ \ Ui^i ^ii.^) is positive). From flB.12p . f lB.lSp and f lB.14p . using the convexity 
of log we get that 



log p{y) du^iy) < / log r {y) du^iy). 

J'n(x) 



and the equality holds if and only if piij) = r{y) i.e. Txiji^ly]) = i^x{Vx[y]) for all 
y & ri[x]. y q(x). Now using integration over the quotient space (X, i/)/?7 of the 
measure space {X, v) by ?7, we get from (IB.lOp and (IB. lip that H{Tr] \ t]) < A{V~) 
and the equality holds if and only if Tx{(Tri)[x]) = i'x{{Tri)[x]) for almost all x & X. 

Assume that H{Tri \ rj) = sA{V~). Then H{T''ri \ rj) = ksA{V~) for every 
k > 0. Using the same argument as above and replacing T by T'^, we get that 
Tx{{T^ri)[x]) = i'x{{T'^'r])[x]) for any k > and almost all x G X. On the other hand 
since t] is subordinate to V~ and T is contracting on V~, we have that y^^iT^rj is 
the partition into points. Hence the conditional measures of u along V agree with 
r. □ 

Theorem B.7. Let T = denote the time s map of the geodesic flow. Assume that 
T acts ergodically on {X,u). Let V~{x) he a T-equivariant system of suh spaces of 
W~{x), and let A{y~) he as in Proposition \B. 61 

(i) If the conditional measures ofu along V are Lehesgue, then h{T, u) > sA{V~). 

(ii) Assume that there exists a suhset (Z X with u-measure 1 such that fl 

C for every x £ Then h{T.,v) < sA{y~), and equality 

implies that the conditional measures of u along V are Lehesgue. 

Proof. According to Proposition IB.4t there exists a measurable T-invariant partition 
T] of {X, z/), subordinate to W~ , such that H(Tr] \ rj) = h(T, p). By Corollary 13. 2 [ we 
may assume that the leaf is embedded in X and contains no points from lower 

strata. Set rj'{x) = V~[x] nri[x]. Then rj and rj' coincide on i.e. r^fx] n\l/ = ?7'[x] fl^'. 
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Hence H{Tt] \ rj) = H{Tri' \ rj'). By Proposition IB. 41 (iii) . /i(T, u) = H{Tr] \ rj). Using 
Proposition IB.6I (ii) we obtain that h(T, u) < sA(V"~), and the equahty imphes that 
the conditional measures of v along V~ are Lebesgue. □ 

C. SeMISIMPLICITY of the LYAPUNOV SPECTRUM 

In this section we work with a bit more generality then we need. Let X be a space 
on which S'L(2,M) acts. Let yU be a compactly supported measure on S'L(2,M) and 
let V be an ergodic /i-stationary measure on X. Let L be a real vector space, and 
suppose A : SL(2,M) x X — )■ SL{L) is a cocycle. Let Q be the algebraic hull of the 
cocycle A (see §A.2l for the definition). We may assume that a basis at every point is 
chosen so that for all g G SL(2,M.) and all x G X, A{g,x) G Q. 

Definition C.l. We say that A{-, ■) has an invariant system of subspaces if for i/-a.e. 

X E X there exists a subspace W{x) C H^{M,M) such that for i/-a.e. g G SL{2,M) 
and u-a.e. x E X, A{g,x)W{x) = W{gx). 

Definition C.2 (Strongly Irreducible). We say that A is strongly irreducible if on 
any finite cover of X there is no nontrivial proper invariant system of subspaces of L. 

Let T: BxX^BxXhe the forward shift, with (5 x u a.s the invariant measure. 
We denote elements of B by the letter a (following the convention that these refer to 
"future" trajectiories). If we write a = (ai, 02, . . . ) then 

T(a, x) = {Ta, ax) 

(and we use the letter T to denote the shift T(ai,a2,...) = (02,03,...). By the 
Osceledec multiplicative ergodic theorem, for P x u almost every {a,x) E B x X there 
exists a Lyapunov flag 

(C.l) {0} = VoC Vi{a,x) C V2(a,x) C Vfc(a,x) = L. 

Definition C.3. The map T: BxX^BxX has semisimple Lyapunov spectrum 
if the algebraic hull Q is block-conformal, see §4.31 In other words, T has semisimple 
Lyapunov spectrum if all the off-diagonal blocks labelled * in (14. 6 p are 0. 

In Appendix O our aim is to prove the following general fact: 

Theorem C.4. Suppose A is strongly irreducible. Then T has semisimple Lyapunov 
spectrum. Furthermore, the restriction ofT to the top Lyapunov subspace Vi consists 
of a single conformal block, i.e. for (5 x v almost every (a,x) there exists an inner 
product (-, ■)a^x on Vi(a,x) and a function A : i? x X — )■ M such that for all u,w E 
Vi{a,x), 

(C.2) {aiU,aiv)^Ta,ax) = X{ai,x){u,v)a,x- 
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// the algebraic hull Q is all of SL{L), then all the Lyapunov subspaces consist of a 
single conformal block, i.e. for all 1 < i < k — 1 one can define an inner product 
{■, ■)a.x on Vi{a,x) /Vi^i{a,x) so that ( fC^) holds for some function A = Aj. 

The backwards shift. We will actually use the analogue of Theorem IC.4I for the 
backwards shift. Let T : B^X ^ BxXhe the (backward) shift as in ^IH with as 
defined in |BQ[ Lemma 3.1] as the invariant measure. By the Osceledec multiplicative 
ergodic theorem, for almost every (6, x) G -B x X there exists a Lyapunov fiag 

(C.3) {0} = K) C Vr{h,x) C V2{h,x) C Vk{h,x) = L. 

As a corollary of Theorem IC.41 we get the following: 

Theorem C.5. Suppose A is strongly irreducible. Then T has semisimple Lyapunov 
spectrum. Furthermore, the restriction ofT to the top Lyapunov subspace Vi consists 
of a single conformal block, i.e. for almost every {b, x) there exists an inner product 
■)b,x on Vi{b, x) and a function X : B x X ^ M. such that for all u,w E Vi{b, x), 

(C.4) (^o^w>^o^^)(rMoM = Hbo,x){u,v)b,^. 

If the algebraic hull Q is all of SL{L), then all the Lyapunov subspaces consist of a 
single conformal block, i.e. for all 1 < i < k — 1 one can define an inner product 
■)b,x on Vi{b, x) /Vi^i{b, x) so that jC.^I ) holds for some function A = Aj. 

Remark 1. The proof of Theorem IC.4I we give is essentially taken from [GMj . and 
is originally from |GRlj and |GR2j . In our application to the Kontsevich-Zorich 
cocycle, the measure u is actually /^-invariant (and not just /i-stationary). We choose 
to present the proof for the case of stationary measures since it is not more difficult. 

We follow [GM] and present the proof of Theorem IC.4I for the easier to read case 
where the algebraic hull Q of the cocycle A is all of SL[L). The general case of 
semisimple Q is treated in [EMat] . 

Remark 2. It is possible to define semisimplicity of the Lyapunov spectrum in the 

/e* \ 

context of the action of gt = [ ^ ] 5*1/(2, R) (instead of the random walk). 



e- ^ 

Then the analogue of Theorem lG.41 remains true; the proof would use an argument 
similar to the proof of Proposition 14. 4[ Since we will not use this statement we will 
omit the details. 

C.l. An Ergodic Lemma. We recall the following well-known lemma: 

Lemma C.6. Let T : Q ^ Q be a transformation preserving a probability measure 
/3. Let F : Q ^ be an function. Suppose that for (i-a.e. x G fi, 

n 

liminf ^F(r^x) = +oo. 

i=l 

Then j^F d[5 > 0. 



INVARIANT AND STATIONARY MEASURES 149 

Proof. This lemma is due to Atkinson |At] and Kesten [Kej . See also \GM\ Lemma 
5.3], and the references quoted there. □ 

We will need the following variant: 

Lemma C.7. Let T : Q ^ Q be a transformation preserving a probability measure 
p. Let F : Vt ^ be an function. Suppose for every e > there exists G Q 
with P{K^) > 1 — e such that for /3-a.e. x ^ Q, 

n 

liminf{^F(rx) : T^x G JsTj = +oo. 

i=l 

Then J^Fd(3> 0. 
Proof. From 

m 

(C.5) lim inf F{Tx) |T"^ e K} = oo 

1=1 

we can easily show that -F, G Li{Q). First, we can choose a subset K G with 
(3{K) > 0, and C > such that for all x E K, we have 

\F{x)\ < C. 

Also, without loss of generality we can assume that the action of T : Q ^ Q with 
respect to (3 is ergodic. 

Let A-i = {x\x ^ K}, Aq = {x\x G K, Tx G K}, and for n > 0, 

An+i = {x\x G K, Tx ^ K, T"x ^ K, T'^+^x G A^}. 

Also let A = U'^^_iAn. Note that by ergodicity of T, for almost every x E Q, 

\{i\i > 0,T{x) e K}\ = oo. (*). 

Define G : f2 — ?■ M defined on A ( which has full measure) by 

• G{x) = if X G G{x) = F{x) if X G Ao 

• G{x) = F(x) + F(Tx) + ■ ■ ■ + F(T"(A:)) if x G An+i. 
Then: 

(1) For almost every x G ( satisfying (1C.5I) ) we have 
(C.6) lim G{x) + G{Tx) + .... + G{T'x) = oo. 

n—^oo 

This is because 

m— 1 

G(x) + G{Tx) + .... + ^(T^x) = J2 ^(T'x), 

i=mo 

where mo = inf{A;|T'^x G K}, and m = inf{A;|A; > n,T''x G K}. Since for 
every x G AT, \F{X)\ < C, I^B> implies I^UM . 

(2) G+df3 < F+df3 < oo, and \G\df3 < \F\d/3 < oo. 
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(3) J^G{x)d/3{x) < J^F{x)dp{x). 

In order to show 2 note that (/ + g)^ < + g^, and \ f + g\ < \ f\ + \g\- Here we 
sketch the idea of proving 3 assuming 2. The proof of 2 is similar. 

By the definition of G we can use the dominated convergence theorem, and get 
that 

[ Gd(3= [ F{x)d(3{x) + ^ / F{T\x))d(3{x) 



where = Uj>jAj. Then 



Also K U U,^iTM* has full measure in Vt, and for i ^ j T'A' n A^ and K n TA' 
have measure zero. Note that A^ = T~*(T*(/1*)). Since /3 is T invariant, we have 

F{T\x))dP{x) = I F{x)d/3{x), 

and hence 

Gdp= I F{x)df3{x) + f2 I F{x)dl3{x)= I Fdf3{x). 
I Jx£K j^]^ JxeT^A^ Jn 

Now by 1, and 2, the function G satisfies the assumptions of Lemma [C.6I Hence 
we have Fdf3 = Gd(3 > 0. □ 

C.2. A Zero One Law. 

Lemma C.8. Suppose h is a bounded non-negative jjL-suhharmonic function, i.e. for 
v-almost all x & X , 



(C.7) h{x) < / h{gx)dfi{g). 

Jg 

Then h is constant v-almost everywhere. 

Proof. By the random ergodic theorem [Ful Theorem 3.1], for i/-almost all x G X, 

I™ / h{gx)dfi''{g) = j hdu 



N-l 

i 

im — 

N 

Therefore, by (lC.7p . for i/-almost all x G X, 

(C.8) hix) < [ hdu. 

Jx 

Let So > denote the essential supremum of h, i.e. 

So = inf{s G M : u{{h > s}) = 0} 
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Suppose e > is arbitrary. We can pick x & X such that ( IC.SP holds and h{x) > so—e. 
Then, 

So — e < h{x) < / hdu < sq. 
Jx 

Since e > is arbitrary, J^hdu = sq- Thus h{x) = sq for i^-almost all x. □ 

Let u be an ergodic stationary measure on X. Fix 1 < s < n, and let Gr^ denote 
the Grassmanian of s-dimensional subspaces in L. Let X = X x Grg. We then have 
an action of SL{2, M) on X, by 

g.{x, W) = {gx,A{g,x)W). 

Let be an ergodic /i-stationary measure on X which projects to u under the natural 
map X X. (Note there is always at least one such: one chooses to be an extreme 
point among the measures which project to u. If z> = z/i + i>2 where the z/j are /i- 
stationary measures then u = 7r*(z>) = vr*(z^i) + vr*(z>2). Since u is //-ergodic, this 
implies that 7r,,(z>i) = 7r*(z>2) = u, hence the z>j also project to u. Since z> is an extreme 
point among such measures, we must have z>i = = ^- This u is /i-ergodic.) 
We may write 

dOi^x, U) = du{x) drjx{U), 

where 'qx is a measure on Gts- 

Let m = dim(L). For a subspace W of L, let 

I{W) = {UeGrs : dim(f/nl^) > max(0,m-dim(?7) -dim(iy))} 

Then U G I(W) if and only if U and W intersect more than general position subspaces 
of dimension dim([/) and dim(l^). 

Lemma C.9. (cf. jGMl Lemma 4.2]) 

(i) Suppose the cocycle is strongly irreducible on L. Then for almost all x & X , 
and any 1- dimensional subspace C L, r]x{I{Wx)) = 0. 

(ii) Suppose the algebraic hull Q of the cocycle is SL{L). Then for almost all 
X & X , for any nontrivial proper subspace Wx C L, rix{I{Wx)) = 0. 

Proof. Suppose there exists a subset E G X with uiE) > and for all x G i?, a 
nontrivial subspace Wx C L such that rix{I(Wx)) > 0. Let W = (Wi, . . . , Wk) denote 
a finite collection of subspaces of L. Write 

i{w) = iiw,)n---niiWk). 

— * — » — * 

For X E E, let Sx denote the set of liWx) such that for any Wx so that I{Wx) is a 
proper subset of I(Wx), we have UxiliW!^)) = 0. For W G Sx, let 

fj^w)i^) = vMm). 
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Since u is /^-stationary, we have 

(C-9) fi{w)i^)= fi(A(g,x)w)i9x)d^i{g) 

J G 

Let S{x) = {I{W) G : f,^^-^^{x) > 0}. Then, for I{Wi) G S{x), li^) G S{x), 
Thus 

5^ //(#)(^) < 1- 

Therefore S{x) is at most countable. Let 

(C.IO) f{x) = max fj,^)i^). 

/(VF)eS(x) 

Applying (\C.9\i to some /(VT) for which the max is achieved, we get 

f{x) < / figx)dfx{g) 
Jg 

i.e. / is a subharmonic function on X. By Lemma [C.81 / is constant almost every- 
where. Now substituting again into flC.9P we get that the cocycle A permutes the 
finite set of /(W) where the maximum fIC.lOP is achieved. Therefore the same is true 
for the algebraic hull Q. If (ii) holds, this is a contradiction since Q acts transitively 
on subspaces of L. If (i) holds then Q must permute a finite set of subspaces of L 
which contradicts the strong irreducibility assumption. □ 



C.3. Proof of Theorem IC.51 Let L be an invariant subspace for the cocycle. (We 
will work with one invariant subspace at a time). Because of semisimplicity, we may 
assume that the L contains no nontrivial proper invariant subspaces. Let m = dimL. 

Definition C.IO ((e, 5)-regular). Suppose e > and 6 > are fixed. A measure rj 
on Grk{L) is {e, 6) -regular if for any subspace U of L, 

7]{Nbhd,{I{U))) < 6. 

Lemma C.ll. Suppose gn G GL{L) is a sequence of linear transformations, and rj^ 
is a sequence of uniformly {e,6)-regular measures on Grk{L) for some k. Suppose 
(5 < 1. Write 

gn = K{n)D{n)K'{n), 

where K{n) and K'{n) are orthogonal relative to the standard basis {ei, . . .em}, and 
D{n) = dia.g{di{n) , . . . ,dm{n)} with di{n) > . . . dm{n). 
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(a) Suppose 

C.ll) - — ^^oo 

Then, for any suhsequential limit A of gn^in we have 
(C.12) K{n)span{ei,...,ek} ^W, 

and X{{W}) >l-6. 

(b) Suppose QriVn ""^ A where A is some measure on Grj.. Suppose also that there 
exists a subspace W G Gr^iL) such that \{{W}) > 56. Then, as n ^ oo, 
liC.ll]) holds. As a consequence, by part (a), liC.lS^) holds and \{{W}) > 1—5. 



Proof of (a). This statement is standard. Without loss of generahty, K'{n) is the 
identity (or else we replace ?7„ by K'{n)rjn). By our assumptions, for ji < ■ ■ ■ < jk, 



\9n{ej. A--- Ae^J 



— )■ unless ji = i ioi 1 < i < k. 



\\gn{ei A ■ ■ ■ A CfeJ 

Therefore, if U ^ /(span{efc+i, . . . , 6^}), gnU — > K{n) span{ei, . . . , e^}. It follows 
from the (e, 5)-regularity of rjn that any limit of QnVn must give weight at least 1 — S 
to W. 

Proof of (b). This is similar to jGMl Lemma 3.9]. Suppose dk{n) / dk+i{n) does 
not go to oo. Then, there is a subsequence of the Qn (which we again denote by Qn) 
such that either dk{n)/dk+i{n) After passing again to a subsequence, we may assume 
that K{n) — K^, and that for every j, either dj{n)/dj^i{n) is bounded as n — oo or 
dj{n) / dj^iin) — oo as n — >■ oo. Also without loss of generality we may assume that 
K'{n) is the identity (or else we replace rjn by K'{n)rin)- 

Let 1 < s < k < r < m he such that s is as small as possible, r is as large as 
possible, and dj{n)/dj^i{n) is bounded for s < j < r — 1. Then, for ji < ■ ■ ■ < jk, 

(C.13) "^f^'^ ^'"^ ^ unless = z for 1< z < s - 1 
^ ' lkn(ei A---Ae,)|| " " 

and s < ji <r for s < i <k. 

Let 

V_ = span{ei, . . . , e^_i}, V+ = span{ei, . . . , ej. 
Then, in view of flClTal) . for U such that U ^ /(F/) U I{V^), 

QnU U' where K^V^ C U' C K,V+. 
Therefore, we must have V_ C K~^W C V+. Furthermore, for U ^ liV^) U liV^), 

if gnU W then U G I{K;^W n + Vj^). 
But, since ?7„ is (e, 5)-regular, 

7]n{Nbhd,{I{V^) U I{V^) U I{K;^W nV^ + VJr))) < 36. 
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Therefore A({iy}) < 36 which is a contradiction. Thus dk{n) / dk+i{n) oo. Now by 
part (a) ^UJ2^ holds, and X{{W}) >l-6. □ 

Let J-" = J^{L) denote the space of full flags on L. Let X = X x J^. The cocycle A 
satisfies the cocycle relation 

A{gig2,x) = A{gi,g2x)A{g2,x). 

The group SL{2,'R) acts on the space X is by 

(C.14) g-{xJ) = {gx,A{g,x)f). 

We choose some ergodic /i-stationary measure on X, which projects to z/, and 
write 

du{x,f) = dv{x)dr]^{f). 
Note that Lemma IC.9I applies to the measures rjx on J-". 

Lemma C.12 (Furstenberg). For 1 < s < dim L, let Og : SL(2, R) x X — M 5e given 
by 

.,(9,../) = log 

where C,s{f) is the s- dimensional component of the flag f . Then, we have 



Ai H hAs= / / as{g,xj)di){xj)d^i{g). 

JSL{2,R) J X 

where Aj is the i'th Lyapunov exponent of the cocycle A. 

Proof. See the proof of [GM\ Lemma 5.2]. □ 
For a ^ B, let the measures z/^, Oa be as defined in |BQ[ Lemma 3.2], i.e. 

Ua = lim (a„. . .ai);V 

n— ^oo 

Ua = lim (a„, . . .ai)~^z>. 

n— >oo 

The limits exist by the martingale convergence theorem. We disintegrate 

di'{x, f) = du{x) drj-^if), dua{x, f) = dva{x) dr]a,x{f)- 

For 1 < A; < m, let rj^ = {^k)*Vx and rj^^ = {C,k)*r]a,x- Then, r]^ and rj^^ are measures 
on Grk{L). 

If the Lyapunov spectrum is simple, we expect the measures ?7a,x to be supported 
at one point. In the general case, let 

Ai > A2 > ■ ■ ■ > Am 

denote the Lyapunov exponents, and let 

I = {l<r<m — 1 : \r = A^+i}. 
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Then, by the multiphcative ergodic theorem, Lemma IC.9I and Lemma IC.llI (a) , for 
r ^ /, we have ?7^~'' is supported at one point. (This point is the part of the flag 
( IC.ip corresponding to the Lyapunov exponents A^+i, . . . , Am-) 

Claim C.13. For any r E I and f3 x u-almost all (a, x), for any subspace W{a,x) G 
Grm.^r{L), we have ?7™^''({Vr(a, x)}) = 0. 

Proof of claim. Suppose there exists 5 > so that for some re/ for a set (a, x) of 
positive measure, there exists W{a,x) C Grm-r{.L) with ?7a a^)}) > 5. Then 

this happens for a subset of full measure by ergodicity. 
We have for /3-a.e. a E B, 

Va = hm (a„, . . . ai);:^!). 

n— >oo 

Therefore, on a set of /5 x i/ full measure, 

lim {an... ai)~^T]a„...aix = Va,x. 
n— ^oo 

Using flC.14p . this means 

lim A{{an . . . a„ . . . aix)?7a„...aix = Va,x. 

n— >oo 

Note that by the cocycle relation, 

A{g-\gx)=A{g,x)"\ 

Therefore, 

A({an . . . On • • • aix) = A{an . . . Oi, a;)"^ 

Hence, on a set of (3 x z/-full measure, 

lim A{an . . . ai, x)~^r]a„...a^x = Va,x. 

In view of Lemma IC.9I (cf. the proof of Lemma I14.4p . there exists e > and a 
compact Ks C X with u{JCs) > 1 — 5 such that the family of measures {rix}xi^K.s 
uniformly (e, 5/5) -regular. Let 

J\fs{a, x) = {n eN : . . . aix G )Cs}. 

Write 

(C.15) A{an . . . ai, x)~^ = Kn{a, x)Dn{a, x)K'^{a, x) 

where Kn and K'^ are orthogonal, and Dn is diagonal with non-increasing entries. We 
also write 

(C.16) A{an . . .ai,x) = Kn{a, x)Dn{a, x)K'^{a, x). 
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where Kn and K'^ are orthogonal, and /)„ is diagonal with non- increasing entries. 
Let di{n,a,x) > ... > dm{n,a,x) be the entries of Dn{a,x), and let di{n,a,x) > 
d2{n,a,x) > dm{n,a,x) be the entries of Z)„(a,x). Then, 

(C.17) dj{n, a, x) = c?;;l^i_j(n, a, x), 

K'^{a, x) = WoKn{a, xy^w^^, K^ia, x) = WoK'^{a, x)~^Wo, 

where wq = Wq^ is the permutation matrix mapping ej to Cm+i-j. Then, by Lemma rC.llI 
(b), for (3 X u almost all (a, x), ri^~^ {{W {a, x)}) > 1 — 6 (and thus W{a, x) is unique) 
and as n — )■ oo along J\fs{a, x) we have: 

dm-rin, a, x) /dm+i-r{n, a, x) oo, 

and 

(C.18) Kn{a, x) spanjei, . . . , e„_,.} -> W{a, x), 

where the Cj are the standard basis for L. Then, by ( 1C.17I) . 
(C.19) dr{n, a, x)/dr+i{n, a, x) ^ oo, 

and 

K'^{a, x)~^ span{er+i, . . . , e^} WoW{a, x) 

Therefore for any ei > there exists a subset H^^ G B x X oi /3 x i^-measure at least 
1 — ei such that the convergence in flC.191) and flC.lSP is uniform over {a,x) G H^^. 
Hence there exists M > such that for any {a,x) G H^^, and any n G N's{a,x) with 
n > M, 

(C.20) ^^(a, span{er.+i, . . . , Cm} G Nhhd^^{'WoW{a,x)). 

By Lemma IC.9I (cf. the proof of Lemma 114.40 there exists a subset if^' C X with 
v{H'l) > 1 — C2(ei) with C2(ei) — as ei — ?■ such that for all x G H'l , and any 
U G G'r^_^(L), 

r/::.(iV6/irf2e,(/(f/))) <C3(ei), 

where 03(61) — )■ as ei -> 0. Let 
(C.21) 

H[^ = {{a,xJ) : {a,x)eH,^, x e H'J^ and d{^r{f),woW{a,x)) > 2ei}. 

Then, (/3 x i>){H'^J> 1 - ei - 02(61) - 03(61), hence (/3 x i)){H'^J ^ 1 as ei ^ 0. 
Furthermore, by (1C.20I) and the definition of H'^_^, for (a, /) G H'^_^ and n G A'5(a, x) 
with 77, > M, we have 

di^rif), I{.K'n{a, x)~^ span{e^+i, . . . , e^})) > ei. 

Therefore, in view of (1C.16P there exists C = C(ei), such that for any (a, x, /) G H'^^, 
any n G Ns{a, x) with n > M, 
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(C.22) C > \\A{an . . . ai, x)Uf) II fl ^)"' > 

i=l 

(c.f |GMl Lemma 5.1]). Note that for all {a,x,f) e i?xX, alln G N and and j = r — 1 
or j = r + 1 we have 

i 

(C.23) ||A(an . . . ai,x)^j(/)|| < ||A(a„ . . . ai, < J]^ a, x). 

1=1 

Then, in view of (IC.22P and flC.23p . for all (a, x, /) G H'^^, as n — )■ oo in J\fs{a, x), 
(C.24) 

||(A(a„. . .ai,a;))^,.(/)f ^ c?^(n,a,x) ^ ^ 

||(A(a„. . .ai,a;))^^_i(/)||||(v4(a„. . .ai,a;))^,.+i(/)|| ~ dr+i{n,a,x) 

Since (/3 x z>)(if^J -> 1 as ei — 0, f lC.24p holds as n -> oo along J\fs{ci,x) for /3 x z> 
almost all (a, x, f) & B x X . 

For 1 < s < m, let : S X X — J- M be defined by o"s(a, x, /) = o"s(ai, x, /), where 
a is as in Lemma [C. 121 Then, the left hand side of ( ]C.24p is exactly 

n-l 

^(20-,. - ar-i - ar+i){f\a,x, f)). 

j=0 

Also, we have n G J\fs{a,x) if and only if T"'{a,x) G JCs- Then, by Lemma [C.7\ 



/ {2ar - ar^i - ar+i){q) d{(3 
Jbxx 



X 0){q) > 0. 



By Furstenberg's formula Lemma IC.12t the left hand side of the above equation is 
\r — K+i- Thus \r > K+i, contradicting our assumption that r E I. This completes 
the proof of the claim. □ 

Proof of Theorem IC.41 Consider the (partial) Lyapunov flag ( 1C.1I) . and let Si = 
dimVi. Then, 77*^^, which is the projection of rja^^ from J^{L) to Grs^{L) is the delta 
measure at Vi{a,x). 

Let ^-"(^1, . . . , Sk-i) denote the space of partial flags with subspaces of dimensions Sj. 
Let Y denote the fiber of the projection — )> J-'(si, . . . , Sk-i). Then, Y is isomorphic 
to 0^=1 -^(Vi/Vi-i)- Let f]a}x be the restriction of rja^rc to T{Vi/Vi^i). Then, by 
Claim Em r/(*) has no atoms on J-'(Vi/Vi_i), and also, for 1 < j < dim{Vi/Vi-i), the 
projection of f/^*^ to any Grj{Vi/Vi-i) has no atoms. It follows that for every 5 > 
there exists e = e{S) > and a subset ICi = }Ci{6) G B x X with (/3 x z^)(/Ci) > 1 — 6 
such that for all (a, x) G /Ci, f]a}x is (e, (5)-regular. 
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Let Ai be the restriction of the cocycle A to Vi/Vi^i. Note that 

Then by Lemma fC 111 (i) there exists C = C{6) such that for all (a,x) G /Ci and all 
n with T"(a,x) G /Ci we have a, x) || < C{6). It follows that for all n G Z 

(/3 X !/)({(«, x) G 5 X X : ||Ai(n,a,x)|| > < 25. 

Since 5 > is arbitrary, this means (by definition) that the cocycle Ai is bounded 
in the sense of Schmidt, see |Schj . It is proved in |Sch] that any bounded cocycle is 
conjugate to a cocycle taking values in an orthogonal group. □ 

Proof of Theorem IC.51 As in H14\ let B be the space of by-infinite sequences 
of elements of SL{2,M.), and we consider the two-sided random walk as a shift map 
on B X X. We denote a point in i? by a V 6 where a denotes the "future" of the 
trajectory and b denotes the "past". Then, at almost all points {aVb, x) we have both 
the flags (IC.ip and (IC.Sp . The two flags are generically in general position (see e.g. 



[GM\ Lemma 1.5]) and thus we can intersect the flags to define the (shift-invariant) 
Lyapunov subspaces Vj(a V 6, x) so that 

i m 

V,{b,x) = ^V,{aVb,x), V,{a,x)= V,{aVb,x). 

j=l j=m+l—i 

Then 

Vi{b, x) /Vi_i{b, x) = Vi{ayb,x) = Vrn+i~iia, x) /Vrn-i{a, x). 

Since we already showed that the restriction of the cocycle to each Vm+i-i/Vm-i is 
conjugate into an orthogonal group, it follows that the same is true of the restriction 
of the cocycle to Vi or to Vi/Vi-i. □ 
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